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Abstract. We consider intuitionistic multimodal logics with modalities
satisfying axiom K and the axiom of Necessity, as well as collections of
axioms for transforming, removing and splitting modalities, specified by
a relation between modalities and sequences of modalities. These axioms
can be used for systems of knowledge and belief, describing multiple envi-
ronments of truth and their awareness of each other. We extend Gentzen’s
decidable cut-free calculus to accommodate such multimodal systems,
using a modal shift operation on contexts to extend the cut elimination
proof in a novel way. We then adapt the inverse method to formulate
a correct and complete forward proof search for these logics, which can
be interpreted in a Fitch-style manner. Proof derivation is streamlined
by implementing most derivations using the cut rule. The resulting proof
search allows for making multiple queries, building a database of assump-
tions and their consequences which can be fine-tuned and updated to fit
an application.

Keywords: Epistemic logic - Sequent calculi - Cut elimination -
Inverse method

1 Introduction

Intuitionistic logics may be used to build guarantees from sets of assumptions
(see e.g. [12]). Unlike classical logics, intuitionistic predicates cannot simply be
decomposed into Boolean statements to be fed to a SAT solver. Yet an intu-
itionistic proof has many benefits, as they are inherently constructive [24] and
adaptable to computer formalisation following the proofs as types paradigm [9].

Modalities can be used to give more context to pieces of knowledge. They may
explain when and where a statement is given, who said or hears or believes the
statement, and how a statement is communicated. We can consider each modality
as framing some domain in which logical properties can be considered: a domain
of knowledge. Modalities satisfying axiom K and Necessity are particularly useful
for this purpose. That is, those modalities M where, if B can be derived from a
(possibly empty) sequence of assumptions Ay, ..., A,, then MB can be derived
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from MA;, ..., MA,. This proof principle allows us to combine statements from
the same domain, and reason from the perspective of this domain. The modality
of necessity O is a foundational example, studied intuitionistically in [23,26].

Further modal axioms can be used to specify the relation between knowledge
domains. Particularly interesting is the specification of how domains can reflect
on each other. The famous axiom 4, JA = OOA, asserts that [J can reflect
and refer to their own statements. In case of multiple modalities, MA = N MA
states that N\ is aware of and can reflect on statements made in domain M. By
extension, an axiom MA = N'RA expresses a similar kind of awareness, except
for the fact that N sees domain M differently, appearing to it as domain R.

Having specified a collection of domains and their relations, the important
next step is to establish what is true in each domain. That is, establishing a
decidable proof search [13,14,21] for such systems with certain selections of
awareness axioms. See for instance [7,10] for related approaches. What is difficult
in this endeavour is that axioms MA = NRA have the potential to increase
the size of the formulas, potentially leading to non-terminating proof searches.

In this paper, we explore a method for establishing decidability for such logics
in a way which is compatible with Gentzen’s original decidability proof [8] and
Pfenning’s cut elimination proof [22], adapting the decidable cut-free sequent
calculus for intuitionistic logic. See [20, Ch. 4] for an overview on sequent calculi
for intuitionistic logics. At the core of the method of this paper is the modal shift
operation on contexts. That is, for each modality M we formulate an operation
M~ which, when applied to a context I', extracts all statements which are
readily true within domain M given formulas from I'. So if MA exists in I,
then A will exist in M~!I", but B A MA does not yield a formula in M~!I" as
it is not immediately evident that M A holds without inspecting the formula.

The main proof rule associated to modalities then becomes: If A can be
concluded from assumptions M~1I", then MA can be concluded from I". This
operation is similar yet not exactly the same as the adjoint operator used in
Fitch-style approaches [4], as it could discard important formulas. The key to
establishing decidability here is that M ~1I" only contains subformulas of I", and
hence can be seen as a reduced context compared to I'.

To increase efficiency of proof search, we adapt the inverse method [5,16,17]
to implement a forward proof search for our logic. Here we generate from the
sequent we want to prove a collection of trivially true sequents and derivation
rules, and explore all possible ways to build more sequents from these. Differently
from the usual application of the inverse method, we shall unify most deriva-
tion rules into a single cut-rule, structuring the sequents to be accommodating
to disjunctions and modalities, allowing for the optimization of the derivation
process. For instance, conjunctions A A B are proven by applying the cut rule to
the sequent A, B+ A A B. This is similar in spirit to for instance the Mints-style
resolution technique [19] which uses a singular resolution rule.

Forward proof search does lead to another risk: when abandoning the bottom-
up goal oriented proof derivation, you leave the door open to deriving a lot of
sequents which were not needed to prove the result. This need not just be seen
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as an unnecessary byproduct however. In many practical application it may
be useful to derive all relevant consequences of a set of assumptions. Take for
instance the situation in which a company makes several claims, which we could
mark by some modality M. It is useful for the company to derive any relevant
consequences of such claims, so they can check what facts they are implying.

The problem statement is as follows: Given a finite set of possible assump-
tions A and a finite set of possible questions or goals 7Q, derive for any context
I' C 1A and consequent A € 7Q whether I' - A is provable. The idea is to system-
atically generate all such provable sequents I' H A where I' is minimal w.r.t. the
provability of this statement, and store them in some database. Then, to check
whether a sequent I’ = A is true, we need only query the database whether there
is a derived sequent I' = A with I" C I'". Searching the database for a matching
sequent can be done optimally if the database is appropriately structured.

This method allows one to query the same database multiple times for differ-
ent sequents. Not only that, supposing we wanted to add more assumptions or
questions to A and 7Q, we can reuse the already generated database, and derive
further sequents relevant to the new assumptions and questions. This creates a
dynamic proof search system which allows one to optimize for assumptions and
questions relevant to a certain scenario.

Decidability of K4 intuitionistic modal logics and variations have been estab-
lished in for instance [7,10], and there is a manuscript describing a forward proof
search with the inverse method in [18], and moreover a bidirectional search in
[11]. In this paper, we give an alternative proof of decidability of K4 in a more
traditional style, as well as extending them to more general multimodal systems,
avoiding the need for considering Kripke worlds. Moreover, our forward proof
search unifies all multi-premise derivations into a single cut rule, which can be
efficiently implemented.

The paper is divided into three parts. First, we consider multimodal
axiomatic systems to which the method of this paper can be applied in Sect. 2.
Then in Sect. 3 we lay out the proof of decidability using a traditional style decid-
able cut-free sequent calculus. An accompanying forward proof search of cuts is
then laid out in Sect.4. Finally, in Sect.5 we briefly consider two extensions,
involving consistency and unitality axioms.

2 Domains of Knowledge

Before going into the full definition of the multimodal intuitionistic logic, let us
first consider the axiomatic systems of modalities. We suppose given some set of
formulas IF closed under a set of unary operations called modalities M, which need
not be finite. We are interested in the truth of sequents A1,..., A, - B given by
a sequence of assumptions A1, ..., A, and a conclusion B. Modal axioms dictate
some ways of proving sequents.

We assume first that all modalities satisfy axiom K and necessity N. This
means that for any modality M € M, if sequent Ai,..., A, F B is provable
then MA;y,..., MA, - MB is provable. This effectively means each M forms
an endofunctor on the multi-category of formulas and proofs.
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On top of K and N we specify an axiom scheme defined using a relation =
between M and M* (lists over M), which tells us how to elaborate on some modal-
ity. The statement M = N ... N, asserts the axiom VA € FMA - N, ... N, A.
Here we associate modal application to the right, so NRA = N(RA).

We require the following properties on =, adapting endorelational properties:

— = is reflexive if for any M, M = M.
— = is transitive if M = aN B and N = v implies M = ayp0.

Neither conditions puts restrictions on the logics we can formulate:

Lemma 1. Any sequent calculus which admits cuts and has proofs A - A for
each A, has the same collection of provable sequents given (M, =) as it does
given (M, =), where =* is the reflexive transitive closure of =.

The next property does put some restrictions on possible axiom schemes, and
is used to deal with M = N'R axioms. They are used to ensure decidability:

— = is decomposable if for any M, N € M there is a finite set (M & N) C M
S.t.:
e Forany Re (MeN), M= NR.
e TFor any non-empty o € M* such that M = N« thereisan R e MON
such that R = a.!
— Decomposition is terminating if there is a preorder on modalities < s.t.:
e For any M the set {N | N' < M} is finite.
e For any M and NV, and R € (M & N), then R < M.
e For any M and N, then for at most one R € M N), M < R.

The first property in particular is included for the succinct formulation of proof
rules for modal formulas, in such a way that we have cut-elimination. The sec-
ond property is then needed to show that the resulting calculus has a kind of
subformula property, as well as to ensure that cut elimination is terminating.

Example 1. One of the core examples is the [ modality, which satisfies JA F A
and OJA F OOA. This can be encapsulated in the axiom scheme where [0 = "
for any n € N, hence = is the total relation between {0} and {{J}*. We define
(O0e0) = {O}. The O modality can also enhance other multimodal systems by
signifying globally known statements. Given modalities M U {0} we assume on
top of the [J axioms that JA F MOA for any M € M. From this it is provable
that A - MA. We can fold this into a scheme where [J = « for any sequence
of modalities a, and M = M for any M € M. We can define (0 © M) = {0},
and (M & N) =0 for any M, N € M, unless one assumes more axioms.

Ezample 2. Suppose we have a set of modalities M equipped with a reflexive
and transitive relation <t expressing awareness. The statement M<N means M
is aware of all knowledge in N, which is asserted with the axiom N A+ MN A.
So we assert N = a/N when o/ is a sequence of modalities where for each
subsequent pair R and 7 in «, R<7 . Note that this is reflexive and transitive.
Moreover, we define (M 6 N) = {M} if N<M, and otherwise (M & N) = 0.

! Note that if M © N is empty, there cannot be any R such that M = N'R.
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Ezample 3. We can define lattices of modalities as well. Suppose we have a set
of agents A, and for each non-empty subset S a modality [S]. The modality [{a}]
expresses claims made by agent a, whereas [S] expresses truth by combining all
claims from all agents a € S. We simply assert [S] = [Z] if S C Z. Note there is
a useful distinction between [{a,b}|(B) and [{a}](B)V [{b}](B), since the former
can be derived from [{a}](A) and [{b}](A) F [{b}](B) whereas the latter cannot.

Note that we can combine all examples into a single framework, as long as
we take care of the required properties. For instance, we can add I to the other
two examples, or add awareness to our lattice by e.g. taking Z<tS if S C Z.

2.1 Modal Shifts

We suppose contexts I, A, @ are given by sets of formulas. We define an order
on contexts, for specifying a stronger weakening property on sequents. First,
for two formulas A and B we write A C B if either A = B or A = MC and
B = NC for some triple M, N, C such that A" = M. For two contexts I" and
A, we write I' € A if for any formula A € I' there is a formula B € A such that
A C B. Note that if I' C A then I' C A, and that C is a reflexive and transitive
relation. When I' C A, then we say that the assumptions of A cover or directly
imply the assumptions of I".

Fundamental to the formulation of the sequent calculus is the modal shift
operation. For any modality M and context I", we define a context M~1(I):

M YD) ={A|NAe TN = M}U{RA|NAeT,Re (NeM)}

This modal shift has two main principles underpinning it. First is that if I" has
some N A for which N/ = Ma, and hence Ma(A) can be derived and a(A)
is known within M, then M~!I" has some B directly implying a(A) (either
B=Aand a=- 0or B=TA and T = «). Secondly, any formula A in I" only
contributes at most one formula of the same < size to M~1I", with all other
formulas of a lower < size. This is vital in order to formulate a cut-elimination
algorithm which terminates.

In short, the modal shift operator tells you, given a collection of concrete
assumptions I, a sufficiently complete set of assumption to use within domain
M, given the modal axioms. Both M~! and C look at formulas in a shallow
manner, only considering the top level modalities. So M~1(A A MB) is empty,
and MAZ MB if A # B.

Example 4. Following 1, suppose we have the context I' = A = 0OB,0C, 00D,
then O~Y1(I") = C,0C,0D,J0D. Following example 2, suppose N'<<MM but not
N<R, and let I' = MA,RB,NC, then N~1(v) = MA,C,NC.

We have three main lemmas:
Lemma 2. If ' C A, then M’ C M A,

Lemma 3. [f M = N then M~ '’ C NI
Lemma 4. Suppose T € M SN, then M~'I' C T Y (NTII)
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3 Decidable Cut-Free Calculus

Formulas of the logic are inductively generated according to the following rules:
A, B:=a|AANB|AVB|A=B|MA|T|L

Where a ranges over some set of basic formulas. Contexts I, A are given by sets
of formulas, and can be expressed using concatenation. We define the subformula
relation = on formulas as the reflexive transitive closure of the following rules:

~ A=<AAB,B<AAB,A<AVB, B<AVB, A<A= B B=<A= B,
- A=< MA, and lastly NA < MAif N < M.

Importantly, for any formula A the set {B | B < A} is finite.

The rules for the sequent calculus are outlined in Fig. 1. Since contexts are
sets, the order and multiplicity of formulas in the context does not matter. This
also means some rules, like (AL) may not make any progress if the extracted for-
mulas A and B were already in I". Alternatively, one could have started with lists
of formulas for contexts instead, and established contraction and commutativity
as lemmas. But we take a more structural approach.

Faraa (MR Frprz (D)
'cA TI'FB ILAANB,A,BFC
rrang R rArBrc Y
I'FA I'+B [LAVB,AFC T,AVB,BFC
rrave YR ey EvRY ILAVBFC (VL)
LACB o DA=BrA ILA=BBrC
I'cA= B A= BFC
IMAAFB M= M A
[LMAF B (ModL) = (Mod)

Fig. 1. The Sequent Calculus

Example 5. Let M, N, R and T be distinct modalities such that M = NR
and MON ={T},s07 = R. Then NA= A N(RA= A)F MA = A. Here
the (Id) rule is the forthcoming Identity Lemma 6.

ara 1 Mod) ——
RA= A, TAF RA RA= A AFA

RA= A TAF A 1)
NA= ANRA= A), MAF NA NA= ANRA= A), MA, AF A
NA= ANRA= A), MAF A (=L)
NA= ANRA= A FMA= A

(1)

(=L)
(Mod)

(=R)
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3.1 Sequent Calculus Properties

Let us look at some properties of the calculus. Note first that it has the sub-
formula property; given a proof of a sequent I' F A, then for any formula B
mentioned anywhere in the proof, there is a formula C' € I', A such that B < C.

Lemma 5 (Generalized weakening). If I' b A is provable by some proof
tree P and I' © A, then A + A is provable by a tree of the same shape as P
(same sequence of proof rules, only the sequents have changed).

Proof. We prove this by induction on the sizes of the proof tree P, doing case
analysis on the last proof step. We only consider the two modal cases as the
rest of the cases are standard (note that if a formula B does not start with a
modality, and B € I' C A, then B € A).

ModL We have a proof P of I’ MA, A+ B, with M = -. Since I MAC A
we have I MA, A C A, A, and hence by the induction hypothesis we have
a proof P’ of A, A+ B. Given MA C A, then A must have some A A such
that N' = M (special case being M = N). By transitivity of =, it holds
that A" = -, and hence we can apply (ModL) to P’ to get a proof of A - B.

Mod We have proof P of M~!I' - A. By Lemma 2, M~'I' C M~!'A, and
hence by the induction hypothesis we have a proof P’ of M~1A - A. Applying
the (Mod) rule, we get a proof of A+ MA.

We get the usual consequence of the subformula property.

Corollary 1. It is decidable whether any sequent I' = A has a proof following
the sequent calculus of Fig. 1.

Lemma 6 (Identity Lemma). For any context I' and formula A, the sequent
I A A is provable. So in particular, A+ A is provable.

Proof. We show this by induction on A. We only consider the modal case:

— If A= MB, then since M = M we have that B € M~1(I, A), so by the
induction hypothesis we have a proof of M~1(I', A) I B. Hence by applying
the (Mod) rule, we have a proof of I, MB + MB.

With the next result, we can conclude that the calculus of Fig.1 coincides
with natural deduction on intuitionistic modal logic with axiom scheme =.

Proposition 1. The calculus admits a cut rule.

Proof. We follow Gentzen’s and later Pfenning’s cut elimination proof [8,22],
and add to this the new modal proof rules. Concretely, suppose we have a proof
D= % and a proof E = Eﬁg’fg, then we can construct a proof F = Flp','_'g’“.
This is done by mutual induction on A, D and E, in that order. That is, induction

hypothesis may be called when:
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— A is reduced. We call this (IH-A).
— Size of A remains the same, but D is reduced. We call this (IH-D)
— Size of A and D is the same, but E is reduced. We call this (IH-E).

Here it should be noted that the size of a proof is determined by its shape, and
weakening sequents following Lemma 5 gives a proof of the same size. Moreover,
the size of formulas is determined by the < order, where B is the same size as
Aif B < Aand A <X B, and B is smaller than A if B < A and A £ B (cut
elimination terminates since we cannot have an infinite chain A, = Ay = A5...).

We consider a formula A in a proof of I, A+ B principal if the proof ended
with a rule targeting A, that is: either a left rule which targets A specifically, or
a (Mod) rule which targets all formulas. Cases covered in the literature are:

— When D is the (Var) rule or a Left rule.
— When A is not principal in E,
— When A is a non-modal formula and principal in both D and E.

We have three new cases:

1. D ends with a right rule, E with a (Mod) rule, and A is non-modal.

Eq
(el)
E~ MILAFB
TAF B Mod)

In this case, M~Y(I', A) = M~I"; and hence E also proves I - MB.
2. D ends with a (Mod) rule proving M A, and E with (ModL) targeting MA.

D1 El
————(d1) ————————(el)
_ ) =
D= M'r-4a (Mod) E= LMAAFB (ModL)
' MA T MAF B

In this case, M = -. We construct a proof of I" = A, and use this to cut the

formula with (TH-A).

Starting with I" - A at the bottom, apply (ModL) as many times as possible,

leading to @ F A for some context & such that: I' C & and for any NC € I"

where N = -, C € &. We see that M~'T" C & since:

— For C e M~'T from NC € I and N = M. Then N = -, hence C € &.

— For RC € M~ from NC € I" and R € (N © M). Then N = MR =
R, and hence RC C NC C &.

We conclude that M~'I" C &, and hence by Lemma 5, D; proves @ - A.

Applying the aforementioned (ModL) gives a proof G of I' - A.

We construct F by performing two consecutive cuts:

M—lu?lA) a4 E

’ 1

F- ¢ TAFma  Med) P T B EEI) B)
I'FA FAFB 1

I'+B
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Here D1 was weakened to perform the initial cut of MA as well.
3. Both D and E end with a (Mod) rule.

D1 El
D= M'r'-A Eﬁgd) E N-YI'MA)+B (M)d
T'FMA T MAF NG (Mod)

By assumption, M & N = {R,...,R,} for some sequence of modalities,
such that R; < M for all 4, and R, is the only modality with M =< R;.
We have that N=HIMLMA) = N7V R1A, ..., R, A or NHT[MA) =
NI RIA, ..., R, A, A, where the A is included when M = N.
We want to cut each formula B € R{A,..., R, A, A with a proof of N~'I' -
B. For all but R4 A, we have a reduced formula, and hence we can use (IH-A).
So we want to cut R1A first, using (IH-E), and then cut all other formulas
using (IH-A). We only need the proofs for cutting the formulas.
— Cutting R;A. By Lemma 4, M~'I" C R;lN_lf’, so we can weaken Dj
to a proof of R; '(N~1I') - A using Lemma 5. Applying the (Mod) rule,
we get a proof of N71I' - R;A, and this proof is the same size as D.
— Cutting A, which is only necessary when M = A. By Lemma 3 we have
M~ C N7, so we can also weaken D; to prove N~ A.
The number of formulas to cut varies. To illustrate the construction of F,
suppose for example M = N and M & N = {R}, then we take F =

D1

—yyon (d1)
RINTID) A E,
(Mod) (el)
DY (d1) N7IM-RA N7IITRA A+ B (IHLE)
NTIIE A N7IIVAFB (TH-A)
N-II'EB

To establish completeness with respect to intuitionistic multimodal logic with
M = « axioms, we can use the completeness of the original decidable sequent
calculus for intuitionistic logic, and note that the two Mod rules extend this
naturally. Concretely, we can show the following:

Lemma 7. If M = «, then MAF aA is provable for any A.

Proof. f M = -, then MA + A via (ModL) and the identity lemma (Lemma
6). By induction on the length of a, we can show that if M = Na, then MA I
NaA. If a empty, then M = N, and hence MA - N A can be derived from
(Mod) since A € N1 (MA). If « is non-empty, then there is an R € (M & N)
such that R = «. So by induction hypothesis, RA F a4 and hence by (Mod),
NRA F NaA. Moreover, MA = NRA can be derived using (Mod) and the
identity lemma. Applying the cut rule, we get MA F NaA.
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Remark 1. For the purposes of constructing counter models, which are not the
focus of this paper, we can follow the usual approach for implementing Kripke
semantics [15] for intuitionistic modal logics [23] with modalities satisfying axiom
K and Necessity. A Kripke model for the intuitionistic logic with (M, =) involves
a set of worlds W, a preorder < to accommodate intuitionistic implication, and a
relation Raq on W for any M € M. Necessity and axiom K can be implemented
in the usual sense, Our axioms can be implemented as follows: If M = N7 ... N,
then the composition of relations Ry, ... Ra,, should be included in Rq. In
particular, if M = -, then R, is reflexive.

4 Forward Proof Search

Rules (VL), (=R), and the new rule (Mod) of Fig. 1 are especially cumbersome
to deal with in any practical proof search, since the order of application matters
greatly, exponentially increasing the execution time of the proof search. Accom-
panying the decidable calculus, we formulate a terminating forward proof search
scheme for our logic in an attempt to bypass these issues, adapting the inverse
method [5]. We use an alternative here to avoid having to consider too many
multi-premise derivation rules, which require more computation power to exhaus-
tively check for in practice. Instead, we include only one rule with more than
one sequent in its premise; the analytic cut. In order to facilitate this method we
need to assume some further finiteness properties, defined in the next subsection,
which will be automatically satisfied if M is finite.

The general scheme is as follows. Instead of asking ourselves whether a par-
ticular sequent I' - A is true, we consider the following two sets of formulas:

— A set of questions or goals 7Q. These are properties we are interested in
proving. We may write 7A for A € 7Q.

— A set of answers or assumptions |A. These are properties we may use to prove
our questions. We may write !4 for A € |A.

We are then interested in establishing the provability of any sequent I" - A such
that I" C A (also denoted as !I') and A € ?7Q. In terms of the inverse method,
our questions are the right formulas, and our assumptions are the left formulas.

When you want to know the truth of a particular sequent I' - A, you would
take A = I and 7Q = {A}, run the proof search and check the result. Our proof
search algorithm gathers the minimal set of provable sequents for a given set of
questions and answers. These are stored in a database optimized for searchability.
This database can then be queried in order to check whether a certain sequent
is provable. If necessary, you can also remove questions and answers from the
database you no longer need for later queries.

In order to streamline the derivation process in forward search, we combine
all derivation steps with multiple premises into a single rule: the cut rule. To
facilitate this, we add specific sequents to represent proof rules, like A, B- AAB
and AANBF A when 7AA B and !A A B respectively. With this more streamlined
approach, we need only check any pair of sequents once to see if any relevant
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consequences can be derived. Note that regardless of approach, we are already
forced to consider cuts anyway, given the (VL) rule in the sequent calculus.

4.1 Derivations

In order to facilitate both disjunctions and modalities, and enable all necessary
derivations using the analytic cut rule, we extend standard sequents in two ways:
we allow for multiple consequents as is usual in sequent calculi, and we consider
two contexts separated by a modality. This second extension is in line with the
Fitch-style approach to modal calculi [4,6]. Given sets of formulas @, I and A,
and given M € MU {id} such that (1) A is non-empty, and (2) If M = id then
@ is empty. We write the sequent:

D |\mIIF A, we may write I'lFA if M =1id

This is interpreted as the statement: Given all of @, then within domain M
the multi consequent sequent I' IF A is true. The A is interpreted disjunctively
as usual, so the sequent means that given all of I" then one of A holds. As a
single formula, @ |pq I' IF A is interpreted as (where M(A) = A if M = id):

Ne=m(A\r =\ 2)

We define an order on sequents: @ |y ['IF A C P |y I" I A if & C P,
I CI’, AC A and either M = N or M = id. The order expresses when
the first sequent covers the second. Note that if M = id then & = 0, so the
implication holds by necessity. We call a sequent @ |y I' IF A trivial if 'NA # (.

When building a database of true sequents during our forward proof search,
we shall only include non-trivial and minimal sequents. That is, we do not add
a sequent « if the database already has a sequent 3 such that 8 C «. Moreover,
when a new sequent « is added, all sequents 3 in the database such that o C
are removed. As such, when making a derivation you use only minimal sequents
from the database as premises, and only add the result if it was not yet covered
by the database. We say that the database is saturated by a rule if the rule does
not yield any uncovered sequents.

To deal with modalities, we assume the existence of operations s : M —
PM x M) and v : M x M — P(M) producing finite sets such that:

— sM is finite and forms a basis for all splitting axioms, that is:

e For any (M,R) € sM, R e (MoN).

e For any R € MO N, there is a (7, R) € sM such that T = N.

MUVN is finite and forms a basis for all modalities above M and A/, that is:

— Forany R € (MVN), M = R and N = R.

~ If M= R and N = R, then there is a T € (MVN) such that 7 = R.

— For any finite set of modalities S, the smallest set including S and closed
under V is finite?.

2 A counter example is M = {M;, NV; | i € N} where M; = N and V; = M, ifi < j.
Though M;VAN; can be chosen to be {M;41,N;y1}, closure of S = { Mo, N} is M.
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The last condition puts some limitation on axiom schemes we can accommodate,
but will automatically hold if we only have a finite number of modalities.

We extend v to MU {id} by taking idv M = {M} = MVid. Our main tool
for deriving new sequents is the cut rule, given as follows:

By LAFA & |I'IFAA  REMIN
P8 g TUT'IFAUA

Note that the number of sequents derivable from two sequents by cutting is
at most the number of elements of MVN since if there are multiple cuttable
formulas, both results will yield a trivial formula.

Not all derivations can be implemented by cuts. We formulate a collection of
unary derivation rules for sequents, which we call catch-rules since we catch and
apply them to formulas derived by the cut rule. We consider two catch-rules:

S|mILAFA= B &|y-FA MA N2MoN=id
I IFA= B o I- MA

Note that if the first rule is applicable, it will yield a sequent which is stronger
than the input sequent, so they can immediately replace the premise. In fact, we
could add it as a structural rule on sequents instead, and get a cut-only derivation
scheme for intuitionistic logic. The second rule refers to A1 A, which is a needed
condition lest we accidentally generate infinite sequences of modalities.

4.2 Forward Proof Search Rules

Suppose that a set of questions 7Q, answers A, and a collection of sequents K are
given. We call such collections of sequents a knowledge database. Initially, K will
be empty, unless one reuses a database generated by earlier queries. We separate
the proof search rules into two phases: Firstly, the initiation rules are given in
Fig. 2, which investigate answers and questions, spinning up new questions and
answers together with simple sequents needed to use and prove them. Secondly,
the accumulation rules in Fig.3 generate logical consequences of our sequents
and does not yield any new question and answers.

Our treatment of implications is slightly different than usual, attempting to
avoid the practically cumbersome (=-L) rule to instead use the cut rule more.
Instead of deriving I' IF A = B directly from I, A |F B, we instead note that
BIF A= B, perform a cut with I, A I+ B to get I A - A = B. We then can
apply the second rule of Fig.3 to remove A. Importantly, the second rule of 3
only applies when there is but one formula in the consequent. We can for instance
prove I A = (B = A) by cutting AIF B= Aand B= AlF A= (B = A),
and removing the A.

There are three rules which require multiple premises. The cut rule lies at the
core of all derivations and covers, in tandem with the simple sequents generated
in the initiation phase, most necessary proof derivations rules. New sequents
generated by the cut rule are then checked and potentially caught and processed
by the two catch-rules. We allow for multiple consequents in a sequent in order
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7T 1L 74
= LIFA
(AN B) ?(AA B)
ANBIFA AABIFB A IB ABIFAANB ?A 7B
I(AV B) ?(AV B)
AVBIFAB A B AlFAVB BIFAVB A 1B
(A= B) (A= B)
AA=BIFB ?A B BFA=B A 1B
IMA
A MA[m-IFA - [MAIFAITM= - %

V(N,R) € sM. MA |y - IF RA VYN, R) € sM.IRA
Fig. 2. Forward search initiation phase rules.

PlMmMIAIFA T IFAA REMIN
PUP | TUT"IF AU A
b |\mIAIFA=B D|nv-IFA TMA NS Mor N=id
oM IFA=B &I MA

Fig. 3. Forward search accumulation phase rules.

to enable the cut rule to admit the (V-L) rule from Fig. 1, which is a particu-
larly cumbersome rule to work with in practice when performing a proof search.
Setting the forward proof search up in this way focuses all computation efforts
into the cut rule.

There are two other multi-premise rules besides the cut rule, but neither have
more than one sequent in the premise, and hence can be more easily dealt with.
In fact, the ! L rule can be omitted if we simply assert that ! holds from the
get-go, and add the sequents L IF A directly to the respective cases of 7A. Note
that we do not allow for sequents without any consequents. This is to allow us
to apply cuts on L in order to make further derivations.

Last but not least is the multi-premise catch-rule for 7MA, which is there
to avoid deriving infinite sequences of modalities. We could actually omit 7 M A
from the premises in the absence of any modality splitting axiom M = AR and
a finite number of modalities, but this is a strong restriction.

Definition 1. We call a triple (7Q,!A, K) saturated if it is closed under both the
initiation and the derivation rules.

We say a sequent @ | I' IF A is valid if the sequent & - M(A T = \/ A)
is provable in the sequent calculus of Fig. 1. A knowledge base is wvalid if each
included sequent @ | I' IF A is valid. The following lemma holds as all derivable
sequents are provable.

Lemma 8. Suppose given a triple (1A, 7Q,K) where K is valid, and take the sat-
urated closure of the triples. Then the resulting knowledge base is valid.
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Proposition 2. Given any triple ('A,7Q,K), the process of closing under the
initiation and derivation rules is terminating.

Proof. Note first that each further question and answer generated by the ini-
tiation rules is a subformula of an already existing question and answer. This
includes in particular 'RA generated from !MA when (M, R) € sM, in which
case R € (M ©N) and hence R < M. As such, the initiation process generates
only finitely many questions and answers, during which it only generates a finite
number of sequents (consider for instance that sM is finite).

Moreover, we only have a finite number of separating modalities, those used
separate the two contexts. Given that the closure of any finite set under vV must
again be finite by assumption, and that the only new separating modalities which
can be generated by the derivation process are created by the cut-rule with v,
we know that we only have a finite number of separating modalities.

Now, for any sequent @ |y I' IF A added by the initiation rules, (&, I, A) C
('AU?Q), meaning that all formulas mentioned are drawn from some finite pool. In
addition, all three derivation rules only produces sequents whose formulas where
already contained in the sequents and questions of their respective assumptions.
As such, we can conclude that any derived sequent must only have formulas
existing within the finite set of questions and answers generated at initiation.

Hence, there are only finitely many sequents @ |y I' I A which can be
derived, which means the process of accumulation is terminating.

We moreover have that the accumulation process is confluent, in the sense
that whatever order we made derivations, the final set of questions, answers and
sequents I' IF A is the same. Last but not least, we have completeness of the
forward proof search. For conciseness, we write I IIF A to say either A € I" or
I'" I- A is derivable for some I” C I'.

Proposition 3. Suppose given a saturated triple (7Q,!A,K). Then for any I' C 1A
and A € 7Q, if I' = A is provable in the sequent calculus, then I' lIF A.

Proof. Note first that lIF is closed under cuts since IF is closed under cuts, that
is: if I'lIF A and I', AlIF B, then I' - B.

Suppose given a proof P of I' - A such that !I" and ?A. We show that I" IIF A
by induction on P. Note that if A € I', then the statement is trivially true.
Supposing A ¢ I', we do a case analysis on the last proof step of the proof tree:

Var This is a vacuous case, since a € I, a.

T RIf?T, then IF A is added in the initiation phase, which fulfills the require-
ment since ) C I

1 L This gives a proof of I, L - A. By assumption, !1 and 7A, and hence
L IF A is added in the initiation phase and L C (I, 1).

AR We have two trees P; and Py proving I' = A and I' F B respectively. We
have I" C A, and since AAB € 7Q we have A € 7Q, B € 7Qand A, B I+ AAB.
By the induction hypothesis, I" lIF A, and I' - B. By cutting A,BllF AA B
with both I' IF A and I'IF B we get I, BIIF AABand I'lIF AN B.
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AL We have a tree P proving I’ A A B, A, B - C. By assumption, C' € 7Q,
and ITANANB C A Since AANB € A, then A € 1A, B € IA) ANB I+
A and A A B I B were added in the initiation phase. By the induction
hypothesis, I, AN B, A, B IIF C, and by consecutive cutting, I, A\ B, B IIF C
and I AN B IIF C, as required.

VR1 We have a tree P proving I'+ A, and I" C A, and AV B € 7Q. The latter
implies that A € 7Q, and A I AV B. By the induction hypothesis, I" IIF A,
and cutting this with AllF AV B we get ' lIF AV B.

VR2 Similar to the previous case.

VL We have trees Py and Ps proving I'TAV B,A+F C and AV B,B+FC
respectively, I’ AV B C A and C € 7Q. From AV B C !A, we derive that
A,Belhand AVBIF A, B. Hence I’ AV B,AC!Aand I AV B,B C A,
and by the induction hypothesis, I AV B, AllF C and I’ AV B, B I+ C. By
consecutive cutting, I’ AV BIIFC,B and I'; AV B Il C.

=R We have a tree P proving I’ A+ B,and I" C |Aand A = B € 7Q. The latter
implies A € A, B € 7Q and B IF A = B. By the induction hypothesis on P we
derive that I, A IIF B. Cutting this with BIIF A = B we get [, AlIF A = B.
Hence I'" I+ A = B for some I" C I', A, so either IV C I'yor I" =1",A
and I C I', in which case we can apply the catch rule to get I'” IF A = B.
Either way, we have I' IF A = B.

=L We have proofs P; and Py of 'A = B+ Aand A = B,C + C
respectively, and '’ A= B ClAand C €7Q. By A= BeclA, Ac?Q, B€A
and A,A = B I+ B. By the induction hypothesis on Py, we get I’ A =
B, B I C, which cutting this with A, A= Bl Bweget [A,A= Bl C.
By the induction hypothesis on Py we get I A = B llF A, and cutting this
with I’ A, A= BIll-C we get I, A= Bl C.

ModL We have a proof P of I’ MA, A+ B with M = -, proving I, MA+ B
via ModL. Moreover, we have I, MA C A and B € 7Q by assumption. Since
IMA we have !A and MA I+ A, and hence I, M A, A C !A. By the induction
hypothesis on P, I MA, A - B and by cutting this with MA I+ A we get
I'; MA IIF B as required.

Mod We have a proof P of M~'I' - A, and I" C !A and MA € ?Q. From the
latter we can derive A € 7Q. Given that I C A, we prove the following two
properties at the same time: M~'I" C !A, and for each B € M ™I there is a
C € I such that we have C |y - IF B for some N = M.

— Suppose B € M~ from NB € I and N = M. Then N'B € A implies
B € A as required. Moreover, we have N'B |y - IF B where NV = M.

— Suppose RB € M™'I" from NB € I' and R € N'© M. Then there is a
(T,R) € sN such that T = M. We know that RB € !A since N B € !A.
Moreover, from N'B € !A we also have N'B |1 - IF RB where 7 = M.

We can apply the induction hypothesis on P to derive M~ lIF A. If M~'T
is non-empty, then by repeatedly cutting, using for each B € M™'I" the
derived C' |n - I+ B where C € I and N = M, we get I' |g - IIF B for some
R = M (this R will be some V combination of all used N). If M~ is
empty, simply note that - |;4 - IF A. Since M A € 7Q we can use the catch-rule
to derive I' IIF M A as required.
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Example 6. One of the motivating examples is the necessity modality J from
Example 1. We consider the example JA, (A = B) - 0OOB.
(Id)

(1)
(=L)

0A,A,0(0A= B),0A= B OA UA,A,0(0A= B),0A= B,BF B
0A,A,00A= B),0A= BF B
0A,A,0(0A= B),0A= BF 0B

0A4,0(0A = B) - OOB

In the forward search we have !0A, |0(0A = B), and "00B.

— From !0A, we have OA |g - IF A, and UA | - IF OA.

— From !0(0A = B), we have O(JA = B) |g - IF OA = B, and O(UA =
B) |g - IFO(OA = B), as well as I[JA = B.

— From !JA = B we have JA,00A = B I+ B.

— From ?000B we get 70B.

— We cut OA,0A4 = B IF B with JA |5 - IF 0A and O(OA = B) |g - IF
0OA = B to get UA,0(OA = B) |5 - IF B.

~ Since ?0B and UA,0(0A = B) | - IF B, derive 0A,0(0A = B) I OB.

— We can again cut this with 0A |5 - IF 0A and O(0OA = B) | - IF O(0A =
B) to get JA,0J(0A = B) |g - IF OB.

— Since ?00B, we can again catch to get OA,0(0A = B) IF OOB.

— Note that we can still derive 0A,0(0A = B) |g - IF OOB, but this is
where the process stops, since we do not have ?OJOOB.

(Mod)
(Mod)

4.3 Optimizations

The completeness result of Proposition 3 is established as a completeness of
saturated triples (7Q,!A,K). This can be strengthened by stating that (7Q,!A,X)
need only be saturated with respect to minimal sequents of X, allowing us to
remove from K any I' I A covered by I'" I A where I C I' during the forward
proof search process.

We can moreover fine-tune data structures to be optimized for applying cuts
on non-trivial sequents. Particularly, with a sorting order on formulas, we may
design a sequent as a sorted list of formulas together with a Boolean value
denoting whether the formula is an assumption or a consequent. Collections
of sequents can be stored in a tree data structure, whose nodes are labeled by
formulas, each with three branches for collecting all sequents which assume,
conclude or not consider the formula in question. Proofs and refutations are
then stored at the leaves. Checking, merging and applying cuts with such tree
data structures can be done more efficiently then on sorted lists of sequents.

Finally, further optimizations are possible when we limit the situations in
which we apply cuts. Checking the proof of Proposition 3, we see that we can
maintain completeness even if we limit cuts to:

— those producing sequents I I'F A or @ |y I'IF A.
— those such that at most one premise of the cut has multiple consequents.
— @ |pm I' I+ A produced by a cut is only included when ?AV/ A for some M = N.
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5 Conclusions

We have proven decidability of intuitionistic logic with multiple modalities satis-
fying axiom K, N and selections of axioms of the foorm MX = X, MX = NX
and MX = NRX. This makes use of the modal shift operation M~! on con-
texts which is used for a modal proof rule in a cut-free decidable calculus. The
approach necessitates the existence of the shifted modalities M © N/, that is: If
MX = NRy...R,X where n > 1, then M & N includes some 7 such that
MX = NTX,and TX = R ...R,X. Let us consider two possible extensions.

One extension is to include consistency azioms ML = L. To facilitate these
in the cut-free sequent calculus, we can include the rule: %, that is, we
have a new way of proving each A. Allowing this for each A (as opposed to just
1) gives way to a cut elimination proof. To extend the forward proof search
accordingly, you need to assert 7ML, 71, and ML I L to ensure completeness.

Another extension is to include unitality axioms of the form X = MX, which
are stronger than the axiom of necessity (which states - X implies - MX). In
order to facilitate these, we can add I" to M~'I" whenever X = MX is assumed.
In order to keep a terminating cut elimination proof, the set N'© M set can now
only contain smaller modalities, since N X = MN X always holds.

The forward proof search does not cleanly produce countermodels of false
statements, as in [7,25]. However, in case the search does not prove a statement,
the generated database itself could collectively be considered a kind of counter-
model. The idea is to take each context which does not prove L as a possible
Kripke world [15], and use the C ordering of contexts as order on worlds. We
then record which atomic statements hold in which contexts. This is subject
to future research. Other more direct approaches to generating countermodels
using the inverse method exist as well [2,3], and could be adapted.

Proofs generated by the forward proof search can be imported into a Fitch-
style modal calculus, as employed in modal dependent type theory [1]. These
include contexts with multiple separations by modalities, allowing for a com-
pletely substitutive calculus. The proof search employed in this paper may be
applied to find proofs in a fragment of modal type theory, but this must be
further investigated.
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