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Toward the Practical Realization of Decentralized Proof-of-Location

Systems

Abstract:

This thesis addresses the lack of real-world validation for decentralized Proof-of-Location

(PoL) systems by designing and experimentally evaluating the first physical prototype of the

witnessing-zone model. Developed on low-cost commodity hardware, the system integrates

ESP32-DWM3000 ultra-wideband modules for distance bounding, Raspberry Pi 4 nodes for

B.A.T.M.A.N.-Adv mesh networking, and a GoQuorum Istanbul BFT blockchain for tamper-

evident claim storage. To adapt the protocol to practical hardware constraints, the work introduces

a witness-initiated ranging exchange and a cryptographic block-hash binding to defeat replay

attacks at the physical layer. Results from a campaign of 340 trials demonstrate a mean position

error of 0.18 m and a 100% acceptance rate under honest operation, while successfully detecting

simulated adversarial range manipulations and replay attacks. These findings confirm that

decentralized PoL is feasible on embedded hardware with sub-meter accuracy, providing a

concrete roadmap for turning theoretical models into deployable infrastructure.
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Detsentraliseeritud asukoha tõendamise süsteemide praktilise teostuse

suunas

Lühikokkuvõte:

Käesolev bakalaureusetöö lahendab detsentraliseeritud asukoha tõenduse (Proof-of-Location,

PoL) süsteemide reaalse valideerimise puudumise küsimust, projekteerides ja eksperimentaalselt

hinnates esimest füüsilist tunnistajate tsooni mudeli prototüüpi. Süsteem on välja töötatud

soodsal laiatarbe-riistvaral ja see integreerib ESP32-DWM3000 ultralairiba (UWB) moodulid

distantsi piiramiseks, Raspberry Pi 4 sõlmed B.A.T.M.A.N.-Adv võrgu loomiseks ning

GoQuorum Istanbul BFT plokiahela andmete turvaliseks säilitamiseks. Protokolli kohandamiseks

riistvaralistele piirangutele võetakse töös kasutusele tunnistaja algatatud kauguse mõõtmine

ja krüptograafiline ploki räsi sidumine, et tõrjuda taasesitusrünnakuid füüsilisel kihil. Kokku

340 katsest koosneva testimise tulemused näitavad keskmist asukohaviga 0,18 m ja 100%-list

heakskiitmise määra nominaalsetes tingimustes, tuvastades samas edukalt kõik simuleeritud

rünnakud. Need leidud kinnitavad, et detsentraliseeritud PoL on teostatav madala maksumusega

manussüsteemidel, pakkudes konkreetset tegevuskava teoreetiliste mudelite muutmiseks

reaalseks infrastruktuuriks.

Võtmesõnad: Asukhatõendus, Detsentraliseeritud süsteemid, Prototüüp, Plokiahel, Silmusvõrk

CERCS: P170 - Arvutiteadus, arvutusmeetodid, süsteemid, juhtimine (automaatjuhtimisteooria)
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1. Introduction

Many digital services today rely on the assumption that a person or a device was really at a

specific place at a specific time. Common examples are loyalty programs, geofenced content

delivery, mobile voting, supply-chain tracking and the authentication of digital evidence in

journalism [1, 2]. The usual source of location on consumer devices, the Global Navigation

Satellite System (GNSS), was however not designed with adversarial users in mind. Spoofing

tools are cheap and the device itself is the one that reports its own coordinates, so any service

that simply trusts a self-reported position inherits the spoofing risk [3]. The growing use of

generative artificial intelligence makes the problem even more pressing, because binding digital

evidence to a verified place and time is one of the most direct ways to prove that something

actually happened in the real world [2].

A Proof-of-Location (PoL) is a cryptographic certificate that addresses this problem. It allows a

third-party verifier to be convinced that a prover was at a specific location at a specific time,

based on the attestation of one or more witnesses [2]. Research on PoL has moved from the

early centralized designs with a trusted location manager, through partially distributed protocols,

to fully decentralized blockchain-based systems [4]. The most recent step in this trajectory

is the unified architectural model of Brito et al. [2], which brings together ultra-wideband

(UWB) ranging, distance bounding, mesh networking and permissioned Byzantine fault-tolerant

consensus into one coherent protocol organized around the concept of a fault-tolerant witnessing

zone. The model is, however, validated only by emulation on QEMU virtual machines, and the

authors themselves leave the deployment on embedded devices with real radios as future work [2].

As a consequence, there is no published implementation of a decentralized PoL system that runs

on real radios, in a real physical environment, with a real Byzantine fault-tolerant blockchain.

Without such a deployment, the practical feasibility of the model cannot be confirmed and the

engineering problems that appear only under real-world conditions remain hidden from view.

This thesis tries to fill that gap. The objective is to design, build and experimentally evaluate the

first physical witnessing zone prototype that implements the decentralized PoL model of Brito

et al. [2] on commodity low-cost embedded hardware, and to assess the real-world feasibility

of the model. The contribution is fourfold. First, the thesis presents the first reported end-

to-end physical prototype that integrates four ESP32-DWM3000 UWB witnesses, a Layer 2

B.A.T.M.A.N.-Adv mesh between four Raspberry Pi 4 nodes, a GoQuorum Istanbul Byzantine

fault-tolerant blockchain and an independent verifier. Second, it adapts the abstract protocol to

5



packet-based UWB hardware through three concrete design choices: a witness-initiated Double-

Sided Two-Way Ranging exchange, a global root-mean-square residual check that replaces the

per-witness �-test, and a cryptographic block-hash binding inserted into the UWB payload that

defeats replay attacks at the physical layer. Third, the prototype is evaluated through 340 trials

in a controlled indoor environment, under both honest and adversarial conditions, and produces

a mean position error of 0:18m, a per-point acceptance rate of 100% under honest operation

and the successful detection of every simulated attack. Fourth, the thesis reports the engineering

problems that emerged during the testing and proposes a concrete agenda for future work.

The remainder of the document is organized as follows. Chapter 2 reviews the literature on

Proof-of-Location, traces the evolution of the protocols from the early centralized designs to

the fully decentralized blockchain-based systems, presents the witnessing zone model of Brito

et al. [2] in detail and identifies the open gap in real-world deployment that motivates the present

work. Chapter 3 describes the methodology adopted in the thesis: the theoretical foundation

of the protocol, including the roles, the distance bounding primitive together with its DS-TWR

adaptation and the multilateration model, followed by the practical application development

on the ESP32 and Raspberry Pi nodes and the independent verifier. Chapter 4 reports the

experimental campaign in room 2018 of the Delta Building at the University of Tartu, defines

the four test phases and the per-trial metrics, and discusses the results together with the practical

limitations observed during the testing. Chapter 5 closes the thesis with the main conclusions

and a set of concrete directions for future work. The complete source code, hardware setup

notes and raw experimental data are provided in the accompanying GitHub repository 1 which is

referenced from the relevant points in the text.

In the writing of this work, Anthropic’s AI-based tool Claude Opus 4.7 was utilized for two

purposes. First, the AI was used to improve formatting and to proofread for spelling and

grammatical errors. The AI did not independently generate any substantive paragraphs; instead,

it offered corrections to the existing text to enhance coherence. These rephrasing suggestions

were used selectively, and the author made the final decision regarding all text. Second, the AI

was used for code debugging in situations where it was necessary to understand the cause of an

error message or unexpected behavior. In these instances, the existing code snippet and the error

message were provided to the AI, and the resulting explanation was used to inform decisions

1https://github.com/tamor04/TamorTomsonPolThesis
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for corrections. The AI was not used to create original textual or code-based components of

the work, nor was it used to paraphrase the content of cited sources. All references to primary

sources have been manually verified.
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2. Background

This chapter places the present work into the context of the existing literature on Proof-of-

Location (PoL). Section 2.1 explains why digital systems need a verifiable location and what

problems appear when it is missing. Section 2.2 follows the historical development of PoL

protocols, from the early designs based on a single trusted witness to the fully decentralized,

blockchain-backed architectures. Section 2.3 describes in detail the decentralized witnessing-

zone model of Brito et al. [2], which is the architectural basis of this thesis. Section 2.4 gives an

overview of the enabling technologies, and Section 2.5 identifies the open gap in the current

literature that motivates the work of this thesis.

2.1 Location Verification in Digital Systems

Many digital services today depend on the assumption that a user, a device or a piece of content

was really present at a given place and time. Loyalty programs, geofenced content delivery,

mobile voting, delivery and supply-chain verification, and the authentication of journalistic

content all need a trustworthy location claim [1, 2]. The growth of generative artificial intelligence

has made it even more important to be able to bind digital evidence to a specific time and place,

because verifying the origin of content becomes increasingly difficult [2].

The main source of location on consumer devices, the Global Navigation Satellite System

(GNSS), was not designed with adversarial users in mind. Cheap spoofing tools can produce

fake satellite signals, and the device itself is the one that reports the resulting position. Any

service that trusts a self-reported coordinate therefore inherits this spoofing risk [3]. Wi-Fi and

cellular triangulation have the same weakness, and there is no cryptographic link between the

reported position and the entity that claims it. Čapkun and Hubaux [3] solved part of this problem

by combining distance bounding with verifiable multilateration, but the result is a positioning

primitive, not a certificate of presence that can be transferred and verified later by a third party.

A Proof-of-Location is exactly such a certificate: a digital object that allows a verifier v, who

may be absent from the event, to be convinced that a prover p was at location l and time t, based

on the attestation of a set of witnesses W [2]. Two properties are commonly required in the

literature. The first is spatio-temporal soundness: a prover who is not physically co-located

with the witnesses at (l; t) must not be able to produce or forge a valid proof. The second is

completeness: an honest prover and honest witnesses must always be able to convince an honest
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�R�Q �D �F�H�Q�W�U�D�O�O�\ �L�V�V�X�H�G �L�G�H�Q�W�L�W�\ �L�Q�I�U�D�V�W�U�X�F�W�X�U�H �D�Q�G �G�R �Q�R�W �S�U�R�Y�L�G�H �D�Q�\ �W�D�P�S�H�U���H�Y�L�G�H�Q�W �J�O�R�E�D�O �V�W�R�U�D�J�H

�I�R�U �W�K�H �U�H�V�X�O�W�L�Q�J �S�U�R�R�I�V��

��



�����������)�X�O�O�\ �G�H�F�H�Q�W�U�D�O�L�]�H�G �D�Q�G �E�O�R�F�N�F�K�D�L�Q���E�D�V�H�G �V�\�V�W�H�P�V

�7�K�H �D�U�U�L�Y�D�O �R�I �S�X�E�O�L�F �O�H�G�J�H�U�V �I�L�Q�D�O�O�\ �U�H�P�R�Y�H�G �W�K�H �O�D�V�W �F�H�Q�W�U�D�O�L�]�H�G �F�R�P�S�R�Q�H�Q�W�� �$�P�R�U�H�W�W�L �H�W �D�O�� �>�����@

�F�R�P�E�L�Q�H�G �V�K�R�U�W���U�D�Q�J�H �Z�L�U�H�O�H�V�V �D�W�W�H�V�W�D�W�L�R�Q�V �Z�L�W�K �D �E�O�R�F�N�F�K�D�L�Q �E�D�F�N���H�Q�G�� �V�R �W�K�D�W �W�K�H �S�U�R�R�I�V

�E�H�F�R�P�H �W�D�P�S�H�U���H�Y�L�G�H�Q�W �D�Q�G �U�H�V�L�V�W�D�Q�W �W�R �F�H�Q�V�R�U�V�K�L�S �Z�L�W�K�R�X�W �W�K�H �Q�H�H�G �I�R�U �D �W�U�X�V�W�H�G �V�H�U�Y�H�U�� �1�D�V�U�X�O�L�Q

�H�W �D�O�� �>�����@ �I�R�U�P�D�O�L�]�H�G �W�K�H �V�S�D�W�L�R���W�H�P�S�R�U�D�O �Y�H�U�L�I�L�F�D�W�L�R�Q �U�H�T�X�L�U�H�P�H�Q�W�V �D�Q�G �G�H�S�O�R�\�H�G �D �S�H�U�P�L�V�V�L�R�Q�H�G

�E�O�R�F�N�F�K�D�L�Q �I�R�U �V�X�S�S�O�\���F�K�D�L�Q �W�U�D�F�N�L�Q�J�� �:�X �H�W �D�O�� �>�����@ �D�G�G�H�G �]�H�U�R���N�Q�R�Z�O�H�G�J�H �S�U�R�R�I�V �R�Q �W�R�S �R�I �W�K�H

�E�O�R�F�N�F�K�D�L�Q �W�R �V�X�S�S�R�U�W �K�L�H�U�D�U�F�K�L�F�D�O �D�Q�G �X�V�H�U���F�R�Q�W�U�R�O�O�H�G �G�L�V�F�O�R�V�X�U�H ���=�.���3�R�/���� �1�R�V�R�X�K�L �H�W �D�O�� �>�����@

�L�Q�W�U�R�G�X�F�H�G �L�Q�F�H�Q�W�L�Y�H �P�H�F�K�D�Q�L�V�P�V �W�K�D�W �U�H�Z�D�U�G �K�R�Q�H�V�W �Z�L�W�Q�H�V�V�H�V�� �D�Q�G �W�K�H �)�2�$�0 �Z�K�L�W�H�S�D�S�H�U �>�����@

�G�H�V�F�U�L�E�H�G �D�Q �D�F�W�X�D�O�O�\ �G�H�S�O�R�\�H�G �L�Q�I�U�D�V�W�U�X�F�W�X�U�H �Z�K�H�U�H �=�R�Q�H �$�Q�F�K�R�U�V ���/�3�:�$�1 �U�D�G�L�R �E�H�D�F�R�Q�V��

�D�U�H �F�R�R�U�G�L�Q�D�W�H�G �E�\ �=�R�Q�H �$�X�W�K�R�U�L�W�L�H�V �W�K�U�R�X�J�K �(�W�K�H�U�H�X�P �V�P�D�U�W �F�R�Q�W�U�D�F�W�V�� �L�Q �R�U�G�H�U �W�R �P�D�L�Q�W�D�L�Q

�V�K�D�U�H�G �W�L�P�H �D�Q�G �L�V�V�X�H �Y�H�U�L�I�L�D�E�O�H �O�R�F�D�W�L�R�Q �F�O�D�L�P�V�� �3�R�X�U�Q�D�U�D�V�¶�V�3�U�R�R�I���R�I���:�L�W�Q�H�V�V���3�U�H�V�H�Q�F�H�>�����@

�W�D�U�J�H�W�V �F�L�Y�L�F �S�D�U�W�L�F�L�S�D�W�L�R�Q �L�Q �V�P�D�U�W���F�L�W�\ �H�Q�Y�L�U�R�Q�P�H�Q�W�V�� �(�Y�H�Q �Z�L�W�K �W�K�L�V �O�D�U�J�H �G�H�V�L�J�Q �V�S�D�F�H�� �%�U�L�W�R

�H�W �D�O�� �>���@ �R�E�V�H�U�Y�H �W�K�D�W �W�K�H �S�U�H�Y�L�R�X�V �F�R�Q�W�U�L�E�X�W�L�R�Q�V �D�U�H �V�W�L�O�O �I�U�D�J�P�H�Q�W�H�G�� �H�D�F�K �R�Q�H �V�R�O�Y�H�V �D �S�D�U�W�L�F�X�O�D�U

�F�U�\�S�W�R�J�U�D�S�K�L�F�� �Q�H�W�Z�R�U�N�L�Q�J �R�U �F�R�Q�V�H�Q�V�X�V �S�U�R�E�O�H�P�� �E�X�W �Q�R�Q�H �R�I �W�K�H�P �L�Q�W�H�J�U�D�W�H�V �H�Y�H�U�\�W�K�L�Q�J �L�Q�W�R

�R�Q�H �F�R�P�S�O�H�W�H�� �H�Q�G���W�R���H�Q�G �G�H�F�H�Q�W�U�D�O�L�]�H�G �3�R�/ �L�Q�I�U�D�V�W�U�X�F�W�X�U�H �W�K�D�W �L�V �G�H�P�R�Q�V�W�U�D�W�H�G �R�X�W�V�L�G�H �R�I �D�Q

�H�P�X�O�D�W�R�U��

������ �7�K�H �'�H�F�H�Q�W�U�D�O�L�]�H�G �:�L�W�Q�H�V�V�L�Q�J���=�R�Q�H �0�R�G�H�O

�%�U�L�W�R �H�W �D�O�� �>���@ �E�U�L�Q�J �W�R�J�H�W�K�H�U �W�K�H �S�U�H�Y�L�R�X�V�O�\ �V�F�D�W�W�H�U�H�G �W�H�F�K�Q�L�T�X�H�V �L�Q�W�R �D �V�L�Q�J�O�H �D�U�F�K�L�W�H�F�W�X�U�D�O �P�R�G�H�O��

�Z�K�L�F�K �L�V �W�K�H �G�L�U�H�F�W �E�D�V�L�V �R�I �W�K�H �S�U�H�V�H�Q�W �Z�R�U�N�� �7�K�H �H�Q�W�L�U�H �S�U�R�W�R�F�R�O �L�V �F�D�S�W�X�U�H�G �E�\ �W�K�U�H�H �U�R�O�H�V �D�Q�G

�R�Q�H �V�W�U�X�F�W�X�U�D�O �S�U�L�P�L�W�L�Y�H�� �W�K�H�Z�L�W�Q�H�V�V�L�Q�J �]�R�Q�H�� �$�S�U�R�Y�H�Up �L�V �W�K�H �H�Q�W�L�W�\ �Z�K�R�V�H �S�U�H�V�H�Q�F�H �K�D�V �W�R �E�H

�D�W�W�H�V�W�H�G�� �$�Z�L�W�Q�H�V�Vwi �L�V �D �V�W�D�W�L�R�Q�D�U�\ �Q�R�G�H �Z�L�W�K �D �N�Q�R�Z�Q �S�X�E�O�L�F �N�H�\�� �Z�K�L�F�K �R�E�V�H�U�Y�H�V �S�U�R�Y�H�U�V �D�Q�G

�F�R�Q�W�U�L�E�X�W�H�V �D �S�D�U�W�L�D�O �D�W�W�H�V�W�D�W�L�R�Q�� �$�Y�H�U�L�I�L�H�Uv �L�V �D�Q�\ �W�K�L�U�G �S�D�U�W�\ �W�K�D�W �O�D�W�H�U �H�Y�D�O�X�D�W�H�V �D �S�U�R�R�I �D�J�D�L�Q�V�W

�W�K�H �S�X�E�O�L�F �V�W�D�W�H �R�I �W�K�H �V�\�V�W�H�P�� �S�R�V�V�L�E�O�\ �O�R�Q�J �D�I�W�H�U �W�K�H �D�F�W�X�D�O �H�Y�H�Q�W �>���@��

�$ �]�R�Q�HZz �L�V �D �U�H�J�L�R�Q �R�I �V�S�D�F�H�±�W�L�P�H �L�Q�V�L�G�H �Z�K�L�F�K �D �I�L�Q�L�W�H �V�H�W �R�I �Z�L�W�Q�H�V�V�H�V �F�D�Q �F�R�P�P�X�Q�L�F�D�W�H

�U�H�O�L�D�E�O�\ �D�Q�G �D�J�U�H�H �R�Q �D �O�R�J�L�F�D�O �F�O�R�F�N�� �7�K�H �]�R�Q�H �L�V �G�H�I�L�Q�H�G �W�K�U�R�X�J�K �V�S�D�W�L�D�O�� �W�H�P�S�R�U�D�O �D�Q�G

�F�R�Q�Q�H�F�W�L�Y�L�W�\ �F�R�Q�V�W�U�D�L�Q�W�V �R�Y�H�U �W�K�H �Z�L�W�Q�H�V�V���W�R���Z�L�W�Q�H�V�V �F�K�D�Q�Q�H�OCw �� �Z�K�L�O�H �D �V�H�S�D�U�D�W�H �Z�L�W�Q�H�V�V��

�W�R���S�U�R�Y�H�U �F�K�D�Q�Q�H�OCp �L�V �U�H�V�H�U�Y�H�G �I�R�U �G�L�V�W�D�Q�F�H �E�R�X�Q�G�L�Q�J �D�Q�G �D�W�W�H�V�W�D�W�L�R�Q �>���@�� �0�X�O�W�L�S�O�H �]�R�Q�H�V �F�D�Q

�R�Y�H�U�O�D�S �D�Q�G �I�R�U�P �D �F�R�Q�W�L�Q�X�R�X�V �O�D�W�W�L�F�H�� �W�K�H �V�P�D�O�O�H�U �W�K�H �]�R�Q�H�� �W�K�H �E�H�W�W�H�U �W�K�H �V�S�D�W�L�D�O �S�U�H�F�L�V�L�R�Q �R�I �W�K�H

�U�H�V�X�O�W�L�Q�J �S�U�R�R�I�� �E�X�W �W�K�H �K�L�J�K�H�U �W�K�H �G�H�S�O�R�\�P�H�Q�W �G�H�Q�V�L�W�\ �U�H�T�X�L�U�H�G�� �,�Q �)�L�J�X�U�H���� �D �V�L�Q�J�O�H �Z�L�W�Q�H�V�V�L�Q�J

�]�R�Q�H �F�R�Q�V�L�V�W�L�Q�J �R�I �I�R�X�U �Z�L�W�Q�H�V�V�H�V�� �D �S�U�R�Y�H�U �L�Q�V�L�G�H �W�K�H �]�R�Q�H �D�Q�G �D �W�K�L�U�G �S�D�U�W�\ �Y�H�U�L�I�L�H�U �R�X�W�V�L�G�H �R�I �L�W

�L�V �V�K�R�Z�Q��

����



�)�L�J�X�U�H ���� �$ �V�L�Q�J�O�H �G�H�F�H�Q�W�U�D�O�L�]�H�G �Z�L�W�Q�H�V�V�L�Q�J���]�R�Q�H�� �L�W �E�H�L�Q�J �V�K�R�Z�Q �F�R�O�R�U�H�G �L�Q �J�U�D�\��

�,�Q�V�L�G�H �D �]�R�Q�H�� �W�K�H �Z�L�W�Q�H�V�V�H�V �D�J�U�H�H �R�Q �W�K�H �R�U�G�H�U �R�I �H�Y�H�Q�W�V �E�\ �P�H�D�Q�V �R�I �D �%�\�]�D�Q�W�L�Q�H �I�D�X�O�W���W�R�O�H�U�D�Q�W

���%�)�7�� �F�R�Q�V�H�Q�V�X�V �P�H�F�K�D�Q�L�V�P �Z�L�W�K �G�H�W�H�U�P�L�Q�L�V�W�L�F �I�L�Q�D�O�L�W�\�� �7�K�L�V �S�U�R�G�X�F�H�V �D �K�D�V�K���O�L�Q�N�H�G �E�O�R�F�N�F�K�D�L�Q

B = f b0; b1; : : : g �W�K�D�W �L�V �O�R�F�D�O �W�R �W�K�H �]�R�Q�H �>���������@�� �7�R�O�H�U�D�W�L�Q�Jf �%�\�]�D�Q�W�L�Q�H �Z�L�W�Q�H�V�V�H�V �U�H�T�X�L�U�H�V

n � 3f +1 �K�R�Q�H�V�W �S�D�U�W�L�F�L�S�D�Q�W�V�� �,�Q �W�Z�R���G�L�P�H�Q�V�L�R�Q�D�O �]�R�Q�H�V �W�K�L�V �J�L�Y�H�V �D �P�L�Q�L�P�X�P �R�I �I�R�X�U �F�R�S�O�D�Q�D�U

�Z�L�W�Q�H�V�V�H�V�� �Z�K�L�F�K �D�O�V�R �V�D�W�L�V�I�L�H�V �W�K�H �J�H�R�P�H�W�U�L�F �U�H�T�X�L�U�H�P�H�Q�W �R�I �P�X�O�W�L�O�D�W�H�U�D�W�L�R�Q �Z�L�W�K �R�Q�H���I�D�X�O�W

�W�R�O�H�U�D�Q�F�H �D�W �W�K�H �V�D�P�H �W�L�P�H �>���@�� �)�R�U �H�D�F�K �U�R�X�Q�G�� �W�K�H �S�U�R�Y�H�U �H�Q�J�D�J�H�V �L�Q �D �G�L�V�W�D�Q�F�H���E�R�X�Q�G�L�Q�J

�L�Q�W�H�U�D�F�W�L�R�Qdbi = DB (wi ; p) �Z�L�W�K �H�Y�H�U�\ �Z�L�W�Q�H�V�V�� �D�Q�G �F�R�O�O�H�F�W�V �S�D�U�W�L�D�O �V�L�J�Q�D�W�X�U�H�V �R�Y�H�U �D �E�O�R�F�N

�F�D�Q�G�L�G�D�W�Hbi �W�K�D�W �U�H�F�R�U�G�V �W�K�H �S�U�R�Y�H�U�¶�V �L�G�H�Q�W�L�W�\�� �W�K�H �G�L�V�W�D�Q�F�H �E�R�X�Q�G�V �D�Q�G �W�K�H �P�H�W�D�G�D�W�D�� �7�K�H �S�U�R�R�I

�L�V �W�K�H�Q �D�V�V�H�P�E�O�H�G �D�V

� = ( bi ; � ); � = �$�J�J�U�H�J�D�W�H(�V�L�Jw1
; : : : ; �V�L�Jwn b

);

�Z�K�H�U�H� �L�V �D �F�R�O�O�H�F�W�L�Y�H �V�L�J�Q�D�W�X�U�H �W�K�D�W �U�H�T�X�L�U�H�V �D�W �O�H�D�V�Wnb �R�X�W �R�In �Z�L�W�Q�H�V�V�H�V�� �$ �Y�H�U�L�I�L�H�U �D�F�F�H�S�W�V�

�L�I �D�Q�G �R�Q�O�\ �L�I� �L�V �Y�D�O�L�G �R�Y�H�Ubi �D�Q�G �W�K�H �P�X�O�W�L�O�D�W�H�U�D�W�H�G �S�R�V�L�W�L�R�Q �I�D�O�O�V �L�Q�V�L�G�H �W�K�H �]�R�Q�H �>���@��

�,�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �Q�R�W�H �W�K�D�W �%�U�L�W�R �H�W �D�O�� �>���@ �Y�D�O�L�G�D�W�H�G �W�K�L�V �P�R�G�H�O �R�Q�O�\ �W�K�U�R�X�J�K �H�P�X�O�D�W�L�R�Q�� �7�K�H�\

�X�V�H�G �4�(�0�8 �Y�L�U�W�X�D�O �P�D�F�K�L�Q�H�V �U�X�Q�Q�L�Q�J �2�S�H�Q�:�U�W �Z�L�W�K �W�K�H �%���$���7���0���$���1�����$�G�Y �N�H�U�Q�H�O �P�R�G�X�O�H �D�Q�G

�D�Q �(�W�K�H�U�H�X�P���V�W�\�O�H �3�U�R�R�I���R�I���$�X�W�K�R�U�L�W�\ �F�K�D�L�Q�� �5�H�D�O �U�D�G�L�R�V�� �U�H�D�O �G�L�V�W�D�Q�F�H �E�R�X�Q�G�L�Q�J �D�Q�G �U�H�D�O���Z�R�U�O�G

�S�U�R�S�D�J�D�W�L�R�Q �H�I�I�H�F�W�V �Z�H�U�H �H�[�S�O�L�F�L�W�O�\ �O�H�I�W �D�V �I�X�W�X�U�H �Z�R�U�N�� �7�K�H �D�X�W�K�R�U�V �W�K�H�P�V�H�O�Y�H�V �V�W�D�W�H �W�K�D�W �W�K�H

�Q�H�[�W �V�W�H�S�V �D�U�H �W�R �G�H�S�O�R�\ �W�K�H �V�\�V�W�H�P �R�Q �H�P�E�H�G�G�H�G �G�H�Y�L�F�H�V �W�K�D�W �K�D�Y�H �L�Q�W�H�J�U�D�W�H�G �G�L�V�W�D�Q�F�H���E�R�X�Q�G�L�Q�J

�K�D�U�G�Z�D�U�H�� �L�Q �R�U�G�H�U �W�R �Y�D�O�L�G�D�W�H �W�K�H �U�H�D�O���Z�R�U�O�G �I�H�D�V�L�E�L�O�L�W�\ �R�I �W�K�H �P�R�G�H�O �>���@�� �7�K�L�V �O�D�F�N �R�I �U�H�D�O���Z�R�U�O�G
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�F�R�Y�H�U�V �W�K�H �S�U�D�F�W�L�F�D�O �V�L�G�H�� �,�W �L�Q�W�U�R�G�X�F�H�V �W�K�H �O�D�\�H�U�H�G �V�\�V�W�H�P �D�U�F�K�L�W�H�F�W�X�U�H �D�Q�G �W�K�H �Q�H�W�Z�R�U�N �W�R�S�R�O�R�J�\

���6�H�F�W�L�R�Q���������� �W�K�H �U�H�T�X�L�U�H�G �K�D�U�G�Z�D�U�H �V�H�W�X�S ���6�H�F�W�L�R�Q���������� �W�K�H �V�R�I�W�Z�D�U�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�Q �W�K�H

�(�6�3���� �P�L�F�U�R�F�R�Q�W�U�R�O�O�H�U�V �D�Q�G �W�K�H �5�D�V�S�E�H�U�U�\ �3�L �Q�R�G�H�V ���6�H�F�W�L�R�Q���������� �D�Q�G �I�L�Q�D�O�O�\ �W�K�H �L�Q�G�H�S�H�Q�G�H�Q�W

�Y�H�U�L�I�L�H�U ���6�H�F�W�L�R�Q���������� �6�H�F�W�L�R�Q�������F�O�R�V�H�V �W�K�H �F�K�D�S�W�H�U �D�Q�G �F�R�Q�Q�H�F�W�V �L�W �W�R �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�W�L�R�Q �R�I

�W�K�H �S�U�R�W�R�W�\�S�H �L�Q �&�K�D�S�W�H�U����

������ �7�K�H�R�U�H�W�L�F�D�O �)�R�X�Q�G�D�W�L�R�Q

�����������3�U�R�R�I���R�I���/�R�F�D�W�L�R�Q �3�U�R�W�R�F�R�O �2�Y�H�U�Y�L�H�Z

�$ �3�U�R�R�I���R�I���/�R�F�D�W�L�R�Q �S�U�R�W�R�F�R�O �S�U�R�G�X�F�H�V �D �Y�H�U�L�I�L�D�E�O�H �D�Q�G �W�D�P�S�H�U���U�H�V�L�V�W�D�Q�W �F�H�U�W�L�I�L�F�D�W�H �W�K�D�W �D �G�L�J�L�W�D�O
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���� �E�X�L�O�G �D �W�U�D�Q�V�D�F�W�L�R�Q �W�K�D�W �F�D�O�O�V �W�K�H�U�H�F�R�U�G�'�L�V�W�D�Q�F�H�&�O�D�L�P�I�X�Q�F�W�L�R�Q �R�I �W�K�H

�3�U�R�R�I�2�I�/�R�F�D�W�L�R�Q�V�P�D�U�W �F�R�Q�W�U�D�F�W�� �V�L�J�Q �L�W �Z�L�W�K �W�K�H �O�R�F�D�O�O�\ �J�H�Q�H�U�D�W�H�G �V�H�F�S�������N�� �N�H�\�S�D�L�U

�R�I �W�K�H �Z�L�W�Q�H�V�V �D�Q�G �V�X�E�P�L�W �L�W �W�R �W�K�H �Q�H�W�Z�R�U�N��

����



���� �Z�D�L�W �I�R�U �W�K�H �W�U�D�Q�V�D�F�W�L�R�Q �U�H�F�H�L�S�W �E�H�I�R�U�H �F�R�Q�W�L�Q�X�L�Q�J�� �V�R �W�K�D�W �W�K�H �F�O�D�L�P �L�V �I�L�Q�D�O�L�]�H�G �E�\ �,�%�)�7

�E�H�I�R�U�H �W�K�H �Q�H�[�W �P�H�D�V�X�U�H�P�H�Q�W �L�V �S�U�R�F�H�V�V�H�G��

�$ �U�D�W�H �O�L�P�L�W �R�I �W�K�U�H�H �V�H�F�R�Q�G�V �E�H�W�Z�H�H�Q �W�U�D�Q�V�D�F�W�L�R�Q�V �W�K�U�R�W�W�O�H�V �W�K�H �U�D�Q�J�L�Q�J �F�\�F�O�H �W�R �D �V�X�V�W�D�L�Q�D�E�O�H �U�D�W�H

�R�Y�H�U �W�K�H �Z�L�U�H�O�H�V�V �P�H�V�K�� �D�Q�G �S�U�H�Y�H�Q�W�V �I�O�R�R�G�L�Q�J �W�K�H �F�R�Q�V�H�Q�V�X�V �O�D�\�H�U �G�X�U�L�Q�J �G�H�Q�V�H �U�D�Q�J�L�Q�J �E�X�U�V�W�V��

�7�K�H �E�U�L�G�J�H �D�O�V�R �L�Q�M�H�F�W�V �W�K�H �O�D�W�H�V�W �E�O�R�F�N �K�D�V�K �E�D�F�N �L�Q�W�R �W�K�H �(�6�3���� �R�Q�F�H �S�H�U �V�H�F�R�Q�G�� �W�K�U�R�X�J�K �D

�-�6�2�1 �F�R�P�P�D�Q�G �R�Q �W�K�H �V�H�U�L�D�O �F�K�D�Q�Q�H�O�� �7�K�L�V �Z�D�\�� �W�K�H �Z�L�W�Q�H�V�V �8�:�% �D�O�Z�D�\�V �K�D�V �I�U�H�V�K �P�D�W�H�U�L�D�O �W�R

�V�H�Q�G �W�R �W�K�H �S�U�R�Y�H�U �L�Q �W�K�H �Q�H�[�W �3�R�O�O �I�U�D�P�H��

�7�K�H �E�U�L�G�J�H �D�O�V�R �D�F�F�H�S�W�V �W�K�U�H�H �F�R�P�P�D�Q�G���O�L�Q�H �I�O�D�J�V �W�K�D�W �H�Q�D�E�O�H �F�R�Q�W�U�R�O�O�H�G �D�G�Y�H�U�V�D�U�L�D�O �E�H�K�D�Y�L�R�U

�I�R�U �W�K�H �H�[�S�H�U�L�P�H�Q�W�V �G�H�V�F�U�L�E�H�G �L�Q �6�H�F�W�L�R�Q�������� �����L�Q�M�H�F�W���G�H�O�D�\���P�V�G�H�O�D�\�V �H�D�F�K �W�U�D�Q�V�D�F�W�L�R�Q

�V�X�E�P�L�V�V�L�R�Q�������F�R�U�U�X�S�W���U�D�Q�J�H���R�I�I�V�H�W�D�G�G�V �D �F�R�Q�V�W�D�Q�W �R�I�I�V�H�W �W�R �W�K�H �U�H�S�R�U�W�H�G �G�L�V�W�D�Q�F�H��

�D�Q�G�����V�W�D�O�H���W�L�P�H�V�W�D�P�S�I�H�H�G�V �W�K�H �(�6�3���� �D �E�O�R�F�N �K�D�V�K �I�U�R�P� b = 10 �E�O�R�F�N�V �L�Q �W�K�H �S�D�V�W��

�7�K�H �I�L�U�V�W �W�Z�R �I�O�D�J�V �V�L�P�X�O�D�W�H �V�\�Q�F�K�U�R�Q�L�]�D�W�L�R�Q �V�W�U�H�V�V �D�Q�G �D �P�D�O�L�F�L�R�X�V �U�D�Q�J�H �P�D�Q�L�S�X�O�D�W�L�R�Q�� �7�K�H

�W�K�L�U�G �R�Q�H �W�U�L�J�J�H�U�V �W�K�H �D�Q�W�L���U�H�S�O�D�\ �G�H�I�H�Q�V�H �R�Q �H�Y�H�U�\ �R�W�K�H�U �Z�L�W�Q�H�V�V��

�����������%�O�R�F�N�F�K�D�L�Q �/�D�\�H�U

�7�K�H �F�R�Q�V�H�Q�V�X�V �O�D�\�H�U �L�V �D �4�X�R�U�X�P �S�H�U�P�L�V�V�L�R�Q�H�G �(�W�K�H�U�H�X�P �Q�H�W�Z�R�U�N �>�����@ �W�K�D�W �R�S�H�U�D�W�H�V �X�Q�G�H�U

�,�V�W�D�Q�E�X�O �%�\�]�D�Q�W�L�Q�H �)�D�X�O�W �7�R�O�H�U�D�Q�F�H �>�����@�� �,�%�)�7 �L�V �D �Y�D�U�L�D�Q�W �R�I �W�K�H �S�U�D�F�W�L�F�D�O �%�\�]�D�Q�W�L�Q�H �)�D�X�O�W

�7�R�O�H�U�D�Q�F�H �D�O�J�R�U�L�W�K�P �R�I �&�D�V�W�U�R �D�Q�G �/�L�V�N�R�Y �>�����@�� �D�G�D�S�W�H�G �W�R �W�K�H �(�W�K�H�U�H�X�P �H�[�H�F�X�W�L�R�Q �H�Q�Y�L�U�R�Q�P�H�Q�W��

�)�R�X�U �Y�D�O�L�G�D�W�R�U �Q�R�G�H�V �I�R�U�P �W�K�H �Y�D�O�L�G�D�W�R�U �V�H�W�� �Z�K�L�F�K �L�V �W�K�H �P�L�Q�L�P�X�P �Q�X�P�E�H�U �W�K�D�W �V�X�S�S�R�U�W�V �W�K�H

n � 3f + 1 �U�H�T�X�L�U�H�P�H�Q�W �I�R�Uf = 1�� �7�K�H �J�H�Q�H�V�L�V �F�R�Q�I�L�J�X�U�D�W�L�R�Q �D�V�V�L�J�Q�V �F�K�D�L�Q �L�G�H�Q�W�L�I�L�H�U ������ �D

�E�O�R�F�N �S�H�U�L�R�G �R�I ���� �V�H�F�R�Q�G�V�� �D �I�L�[�H�G �J�D�V �S�U�L�F�H �R�I �]�H�U�R�� �D�Q�G �D�Q �H�[�W�U�D���G�D�W�D �I�L�H�O�G �W�K�D�W �K�D�U�G���F�R�G�H�V �W�K�H

�I�R�X�U �D�X�W�K�R�U�L�]�H�G �Y�D�O�L�G�D�W�R�U �D�G�G�U�H�V�V�H�V�� �$ �V�W�D�W�L�F���Q�R�G�H�V �P�D�Q�L�I�H�V�W �I�L�[�H�V �W�K�H �S�H�H�U �W�R�S�R�O�R�J�\ �W�R �W�K�H �P�H�V�K

�,�3�V���������������� �±���������������� �� �V�R �W�K�D�W �Q�R �S�H�H�U �G�L�V�F�R�Y�H�U�\ �R�U �H�[�W�H�U�Q�D�O �E�R�R�W�Q�R�G�H �L�V �L�Q�Y�R�O�Y�H�G��

�$ �V�L�Q�J�O�H �6�R�O�L�G�L�W�\ �V�P�D�U�W �F�R�Q�W�U�D�F�W���3�U�R�R�I�2�I�/�R�F�D�W�L�R�Q���V�R�O�� �G�H�I�L�Q�H�V �D�Q �D�S�S�H�Q�G���R�Q�O�\ �G�D�W�D �W�\�S�H

�D�Q�G �W�K�H �I�X�Q�F�W�L�R�Q

�I�X�Q�F�W�L�R�Q �U�H�F�R�U�G�'�L�V�W�D�Q�F�H�&�O�D�L�P��

�D�G�G�U�H�V�V �S�U�R�Y�H�U�$�G�G�U�H�V�V��

�X�L�Q�W������ �W�5�R�X�Q�G�%��

�X�L�Q�W������ �W�5�H�S�O�\�%��

�X�L�Q�W������ �G�L�V�W�&�P�;������

�� �H�[�W�H�U�Q�D�O��

����



�Z�K�L�F�K �V�W�R�U�H�V �W�K�H �W�X�S�O�H(wi ; p; TB
�U�R�X�Q�G; TB

�U�H�S�O�\; di ; t i ) �L�Q �W�K�H �V�W�D�W�H �R�I �W�K�H �F�R�Q�W�U�D�F�W �D�Q�G �H�P�L�W�V �D�Q �H�Y�H�Q�W

�V�R �W�K�D�W �W�K�H �S�U�R�Y�H�U �F�D�Q �V�X�E�V�F�U�L�E�H �W�R �Q�H�Z �F�O�D�L�P�V�� �7�K�H �I�X�Q�F�W�L�R�Q �L�W�V�H�O�I �S�H�U�I�R�U�P�V �Q�R �Y�D�O�L�G�D�W�L�R�Q�� �D�O�O �W�K�H

�Y�D�O�L�G�D�W�L�R�Q �L�V �H�Q�I�R�U�F�H�G �D�W �W�K�H �E�U�L�G�J�H �O�D�\�H�U�� �L�Q �R�U�G�H�U �W�R �N�H�H�S �W�K�H �F�R�Q�W�U�D�F�W �P�L�Q�L�P�D�O �D�Q�G �J�D�V���H�I�I�L�F�L�H�Q�W��

�2�Q�H �S�U�D�F�W�L�F�D�O �O�L�P�L�W�D�W�L�R�Q �R�I �W�K�H �S�U�R�W�R�W�\�S�H �L�V �W�K�D�W �W�K�H �L�V�R�O�D�W�H�G �P�H�V�K �K�D�V �Q�R �S�D�W�K �W�R �D�Q �H�[�W�H�U�Q�D�O

�W�L�P�H �U�H�I�H�U�H�Q�F�H�� �V�R �W�K�H �1�H�W�Z�R�U�N �7�L�P�H �3�U�R�W�R�F�R�O �F�D�Q�Q�R�W �E�H �X�V�H�G�� �$�V �D �F�R�Q�V�H�T�X�H�Q�F�H�� �W�K�H �Z�D�O�O���F�O�R�F�N

�W�L�P�H�V �U�H�S�R�U�W�H�G �L�Q �W�K�H�W�L�P�H�V�W�D�P�S�I�L�H�O�G �R�I �H�D�F�K �E�O�R�F�N �D�U�H �V�H�W �P�D�Q�X�D�O�O�\ �E�H�I�R�U�H �G�H�S�O�R�\�P�H�Q�W��

�D�Q�G �D�U�H �V�X�E�M�H�F�W �W�R �G�U�L�I�W �E�H�W�Z�H�H�Q �Z�L�W�Q�H�V�V�H�V �R�Y�H�U �O�R�Q�J �U�X�Q�V�� �7�K�H �W�H�P�S�R�U�D�O �I�U�H�V�K�Q�H�V�V �S�U�H�G�L�F�D�W�H �R�I

�W�K�H �Y�H�U�L�I�L�F�D�W�L�R�Q �P�R�G�H�O ���6�H�F�W�L�R�Q������������ �W�R�O�H�U�D�W�H�V �W�K�L�V �G�U�L�I�W �E�\ �E�R�X�Q�G�L�Q�J �R�Q�O�\ �W�K�H �U�H�O�D�W�L�Y�H �V�S�U�H�D�G

�E�H�W�Z�H�H�Q �Z�L�W�Q�H�V�V�H�V�� �L�Q�V�W�H�D�G �R�I �W�K�H �D�E�V�R�O�X�W�H �W�L�P�H��

�����������3�U�R�Y�H�U �$�J�J�U�H�J�D�W�L�R�Q �/�R�J�L�F

�7�K�H �S�U�R�Y�H�U �5�D�V�S�E�H�U�U�\ �3�L �U�X�Q�V �W�K�H �V�F�U�L�S�W�S�U�R�Y�H�U�B�Q�R�G�H���S�\�� �Z�K�L�F�K �R�U�F�K�H�V�W�U�D�W�H�V �W�K�H �D�V�V�H�P�E�O�\

�R�I �W�K�H �S�U�R�R�I�� �2�Q �V�W�D�U�W�X�S�� �W�K�H �S�U�R�Y�H�U �J�H�Q�H�U�D�W�H�V �D �I�U�H�V�K �V�H�F�S�������N�� �N�H�\�S�D�L�U�� �F�R�P�S�X�W�H�V �W�K�H

�F�R�U�U�H�V�S�R�Q�G�L�Q�J �D�G�G�U�H�V�V �D�Q�G �F�R�Q�Q�H�F�W�V �W�R �W�K�H �4�X�R�U�X�P �5�3�& �H�Q�G�S�R�L�Q�W �R�I �R�Q�H �R�I �W�K�H �Z�L�W�Q�H�V�V�H�V

�D�V �D �U�H�D�G���R�Q�O�\ �F�O�L�H�Q�W��

�7�K�H �S�U�R�Y�H�U �W�K�H�Q �H�Q�W�H�U�V �D �O�R�R�S�� �)�R�U �H�Y�H�U�\ �Q�H�Z �E�O�R�F�N�� �L�W �V�F�D�Q�V �W�K�H �E�O�R�F�N�¶�V �W�U�D�Q�V�D�F�W�L�R�Q�V �D�Q�G �O�R�R�N�V

�I�R�U �L�Q�Y�R�F�D�W�L�R�Q�V �R�I�U�H�F�R�U�G�'�L�V�W�D�Q�F�H�&�O�D�L�P�W�K�D�W �D�U�H �D�G�G�U�H�V�V�H�G �W�R �W�K�H �S�U�R�Y�H�U�� �(�D�F�K �P�D�W�F�K�L�Q�J

�W�U�D�Q�V�D�F�W�L�R�Q �L�V �G�H�F�R�G�H�G �L�Q�W�R �D �G�L�V�W�D�Q�F�H �F�O�D�L�P�� �L�Q�G�H�[�H�G �E�\ �W�K�H �Z�L�W�Q�H�V�V �L�G�H�Q�W�L�I�L�H�U �H�P�E�H�G�G�H�G �L�Q �W�K�H

�D�G�G�U�H�V�V�� �D�Q�G �V�W�R�U�H�G �L�Q �D �E�X�I�I�H�U�� �&�O�D�L�P�V �R�O�G�H�U �W�K�D�Q� w = 4 �E�O�R�F�N�V �R�U� t = 30 �V �D�U�H �H�[�S�L�U�H�G��

�V�R �W�K�D�W �W�K�H �S�U�R�R�I�V �D�U�H �D�O�Z�D�\�V �E�X�L�O�W �I�U�R�P �D �W�H�P�S�R�U�D�O�O�\ �F�R�K�H�U�H�Q�W �V�H�W �R�I �F�O�D�L�P�V�� �:�K�H�Q �W�K�H �E�X�I�I�H�U

�F�R�Q�W�D�L�Q�V �D�W �O�H�D�V�Wnb = 3 �G�L�V�W�L�Q�F�W �Z�L�W�Q�H�V�V �F�O�D�L�P�V�� �W�K�H �S�U�R�Y�H�U �S�H�U�I�R�U�P�V �W�K�H �I�R�O�O�R�Z�L�Q�J �V�W�H�S�V��

���� �V�R�U�W �W�K�H �F�O�D�L�P�V �E�\ �8�:�% �P�R�G�X�O�H �L�Q�G�H�[ �D�Q�G �H�[�W�U�D�F�W �W�K�H �G�L�V�W�D�Q�F�H �Y�H�F�W�R�U(di ) �D�Q�G �W�K�H

�F�R�R�U�G�L�Q�D�W�H �Y�H�F�W�R�U(�Fi )��

���� �V�R�O�Y�H �W�K�H �P�X�O�W�L�O�D�W�H�U�D�W�L�R�Q �S�U�R�E�O�H�P �R�I �(�T�X�D�W�L�R�Q������ �Z�L�W�K

�V�F�L�S�\���R�S�W�L�P�L�]�H���O�H�D�V�W�B�V�T�X�D�U�H�V�� �L�Q �R�U�G�H�U �W�R �R�E�W�D�L�Q�̂[��

���� �F�R�P�S�X�W�H �W�K�H �5�0�6 �U�H�V�L�G�X�D�O �R�I �(�T�X�D�W�L�R�Q ������ �D�Q�G �W�K�H �W�L�P�H�V�W�D�P�S �V�S�U�H�D�G �P�D�[i t i � �P�L�Qi t i ��

���� �D�S�S�O�\ �W�K�H �U�H�M�H�F�W�L�R�Q �U�X�O�H�V�� �W�K�H �S�R�V�L�W�L�R�Q �P�X�V�W �O�L�H �L�Q�V�L�G�H �W�K�H �F�R�Q�Y�H�[ �K�X�O�O �G�H�I�L�Q�H�G �E�\f �Fi g�� �W�K�H

�5�0�6 �U�H�V�L�G�X�D�O �P�X�V�W �Q�R�W �H�[�F�H�H�G� �5�0�6�� �D�Q�G �W�K�H �W�L�P�H�V�W�D�P�S �V�S�U�H�D�G �P�X�V�W �Q�R�W �H�[�F�H�H�G� t ��
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