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Interpolation of Satellite Orbital States in the Context of ShareSat

Abstract:

Accurate conjunction analysis requires estimating satellite positions and velocities between
discrete trajectory samples. Since high-precision trajectory data can be sensitive, this thesis
adds Lagrange interpolation to the ShareSat workflow using secure multi-party computation,
allowing trajectory estimation without revealing raw input data. The implementation was written
in SecreC and evaluated using European Space Agency satellite trajectory data. Of the tested
configurations, only six-point Lagrange interpolation satisfied the required precision limits for
both position and velocity. The thesis concludes that Lagrange interpolation can support accurate

and privacy-preserving trajectory estimation in collision analysis.
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Satelliidi orbiidiandmete interpoleerimine ShareSati kontekstis

Liihikokkuvote:

Tapne kokkupdrkeanaliilis nduab satelliitide asukohtade ja kiiruste hindamist diskreetsete
trajektooripunktide vahel. Kuna korge tdpsusega trajektooriandmed vdivad olla tundlikud,
késitleb see 10putdd Lagrange’i interpolatsiooni rakendamist ShareSati to6voos turvalise
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1. Introduction

Satellites are essential for modern communication, internet connectivity, navigation, weather
forecasting, security, economy, and science. At the same time, the Earth’s orbital environment
is becoming increasingly crowded. According to the European Space Agency’s (ESA) Space
Environment Statistics [1], last updated on 21 April 2026, about 25,920 satellites have been
placed in Earth orbit, of which about 17,610 are still in space. ESA also estimates that there
are about 1.2 million debris objects between 1 cm and 10 cm currently in orbit, in addition to
even smaller fragments. Together with the rapid growth of commercial and government satellite

constellations, this makes reliable collision-risk assessment increasingly important [2].

A single collision can create thousands of debris fragments that may remain in orbit for years or
decades, increasing the risk of further collisions through the cascading effect known as Kessler
Syndrome [2]. In 2009, two satellites from the United States and Russia collided, producing
over 2,000 trackable fragments that continue to orbit the Earth today [3]. This event showed the

need for effective space traffic management and reliable conjunction analysis.

Accurate collision prediction depends on precise orbital data, but satellite operators may be
unwilling or unable to share detailed trajectory information because of commercial, competitive,
or national security concerns. ShareSat addresses this problem by exploring secure computation
for privacy-preserving satellite conjunction analysis, allowing operators to jointly analyse

collision risk without revealing sensitive orbital data [4, 5].

An important part of collision probability assessment is trajectory estimation. Satellite position
data is usually available only at discrete time points; therefore interpolation is needed to estimate
satellite positions between available measurements [6]. In earlier development phase of ShareSat,
linear interpolation was implemented as a baseline to validate the core privacy-preserving concept

[5]. While this approach is useful, improving the accuracy of interpolation is a natural next step.

The goal of this thesis is to improve the trajectory estimation part of ShareSat by replacing
the initial interpolation approach with Lagrange interpolation. The thesis investigates whether
this method can provide more accurate trajectory estimates while still fitting into the privacy-

preserving computation model used by ShareSat.

This thesis is structured as follows: Chapter 2 introduces satellite collision avoidance including
conjunction analysis and time of closest approach. Chapter 3 gives the necessary background on

interpolation and its use in satellite trajectory prediction. Chapter 4 presents secure computation



and the ShareSat framework. Chapter 5 describes the implementation, verification, and
benchmarking setup. Chapter 6 presents the accuracy and performance results. Chapter 7
concludes the thesis and outlines possible future work. The appendices include the relevant code

and additional benchmark implementation details.

The assistance of ChatGPT! by OpenAl, using the language models GPT-5.5 and GPT-5.4, was
used for grammar checking, formatting and text structuring. No trajectory data, source code, or

confidential project data was processed using Al tools.

! https://chat.openai.com
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2. Satellite Collision Avoidance

Satellite collision avoidance is a key part of maintaining safe operations in an increasingly
crowded orbital environment. In this context, even small errors in trajectory estimation can affect
how potential close approaches are assessed. This chapter provides the necessary background

for understanding the problem setting.

2.1 Orbits and Trajectories

The theoretical background in this section follows Curtis’ explanation of the two-body problem

in Orbital Mechanics for Engineering Students (Second Edition) [7].

Satellites move in space according to the laws of orbital mechanics, which describe how objects
travel under the influence of gravity. A trajectory refers to the path that a spacecraft follows
through space over time, determined by the initial position and velocity [8]. In the simplest case,
where only the gravitational attraction between the satellite and the central body is considered,
the resulting trajectory can take one of several standard orbital shapes. As shown in Figure 1,
the central body sits at the shared focus of all trajectories and depending on the eccentricity, the

orbit can take the form of a circular, elliptical, parabolic, or hyperbolic orbit.

Y

@ Central body
Circular (e = 0)

91 Elliptical (0 < e < 1)

Parabolic (e = 1)

----- Hyperbolic (e > 1)

Figure 1. Eccentricity defines the shape and type of an orbit



The following discussion of orbital elements and state vector representations follows Curtis’

presentation of three-dimensional orbits [9].

A common approach to representing a satellite’s orbit is to use a set of orbital elements, which
define the size, shape, and orientation of the trajectory, as well as the satellite’s location along it
at a given time. Another way is to represent the path using a state vector consisting of position
and velocity. Unlike orbital elements, a state vector describes the satellite’s position and velocity

in discrete points rather than the orbit as a whole, although it can be used to reconstruct the path.

Together, these descriptions make it possible not only to represent where the satellite is at a
given moment but also to estimate where it will be later. The prediction of future position and
velocity is referred to as orbit propagation. In simple cases, it can be derived from ideal two-body
motion, while in practical applications it often has to account for additional influences such as

atmospheric drag or gravitational perturbations.

2.2 Conjunction Analysis

A satellite conjunction refers to an event in which two orbiting objects pass near each other in
space. Conjunction analysis is the process of identifying such close approaches, determining
their timing and geometry, and assessing whether they may pose a collision risk [10]. Since such
events must be identified and evaluated in advance, accurate trajectory information is essential

for collision probability assessment.

Orbital data are collected in standardised formats for a wide range of purposes, including
conjunction analysis and collision probability assessment. One such format is the Orbit
Ephemeris Message (OEM), which describes a satellite’s orbit by providing its position, velocity,
and other relevant information at a specific epoch [11]. Because it provides detailed trajectory
data with high precision, it is useful for conjunction analysis and collision probability calculations.

An important step in this process is to determine the Time of Closest Approach [5].

2.3 Time of Closest Approach

In this chapter, the Time of Closest Approach (TCA) is defined according to the internal project
document [12]. The TCA represents the moment when the distance between two orbiting objects
is at its smallest. Accurately determining this moment is critical because the satellite states at
that time form the basis for the subsequent collision probability calculation. Since there is no
single standardised process for TCA determination, this section presents the approach used in

this thesis, as illustrated in Figure 2 [12].
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Figure 2. Workflow for determining TCA between two trajectories using a unified time grid and

interpolation, adapted from [12]

Satellite positions and velocities are measured at specific time intervals, and interpolation is
used to estimate the satellite state between these points. Since the two input trajectories may
contain different time spans and with varying intervals between measuring points, a common
time-grid must be established. As shown in Figure 2, the TCA determination process consists of

the following steps [12]:

Step 1. The process starts with the initial orbital data, which consists of OEM files (see
Section 2.2).

Step 2. A common time range is identified for the analysis, and a unified time-grid is created.

Step 3. The positions and velocities of both spacecraft are interpolated at each time point on
this unified time-grid (e.g. establishing a 1-minute baseline if input OEM data is sampled

at I-minute intervals).

Step 4. The point on the unified time-grid where the two spacecraft are closest is found, and the

TCA search range is defined as the interval between the adjacent time points.



Step 5. The search range is then divided into evenly spaced candidate points, where position
and velocity are interpolated again. This involves approximately 100 points per interval

ensuring time precision smaller than one second.

Step 6. The TCA is selected as the candidate time point with the smallest distance between the

two objects. The corresponding states of both spacecraft are then stored for further use.

This workflow shows where interpolation is needed in conjunction analysis. It is used to both
align the trajectories on a common time grid and to refine the TCA search within the selected
interval. Since the accuracy of these interpolated states affects the final closest-approach estimate,

the next chapters focus on the implementation and evaluation of Lagrange interpolation.



3. Interpolation in Satellite Trajectory Prediction

In satellite trajectory prediction, accurate estimation of a satellite’s state between known data
points is essential for collision probability assessment [6]. This is typically achieved through
interpolation, a mathematical technique that constructs a continuous function by predicting
unknown values within the range of discrete data points [13]. There are many interpolation
methods, each with varying levels of accuracy, computational complexity, and suitability for

orbital dynamics.

Figure 3 compares interpolation methods on an elliptical orbit arc [7]. Linear (two-point
Lagrange) interpolation approximates the trajectory with a straight line and therefore has the
largest error. This illustrates why a higher-order interpolation method is useful for satellite

trajectory prediction, where the motion is curved rather than linear.
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Figure 3. Higher-order interpolation follows the curved orbit more accurately than linear

interpolation

Although linear interpolation is easy to implement and computationally efficient, this method is
mainly suitable when the relationship between components is also linear [13]. In the context of
satellite motion, orbital trajectories are affected by gravitational forces, atmospheric drag, and
other perturbations [6]. As a result, linear interpolation often fails to capture the true shape of

the trajectory, leading to significant prediction errors.

To address the limitations of linear interpolation, polynomial interpolation methods are used.

Unlike linear interpolation, polynomial interpolation can capture the curved and non-linear
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nature of satellite motion more accurately [6]. One widely used polynomial interpolation method

is Lagrange interpolation [6, 14, 15].

3.1 Lagrange Interpolation

The mathematical formulation in this subsection follows the presentation of Lagrange
interpolation given in the Numerical Methods lecture notes from the University of Tartu [13].
The Lagrange interpolation constructs a polynomial of degree n through n+ 1 distinct data points.
Given the set of points (zg, ¥o), (z1,¥1), - - -, (Tn, Yn), the Lagrange interpolation polynomial

P(z) is defined as
P(r) = Zysz(ﬂﬂ) (1)

where L;(z) are the Lagrange basis polynomials, defined as:

bor— T
Li(x) = J 2
@=17= @)

Each basis polynomial is constructed so that it is equal to 1 at its own interpolation point and 0
at all others, that is,

L, 1=y,

Li(z;) =

0, i3

This ensures that P(z) satisfies P(x;) = y; for all 4, so the polynomial passes through all given

points exactly.

As shown by Equations (1) and (2), Lagrange interpolation reconstructs intermediate values
as a weighted combination of all known samples, which makes it more suitable than linear

interpolation for representing the curved behaviour of satellite trajectories [6].

3.2 Limitations of Lagrange Interpolation

While Lagrange offers advantages in accuracy over linear methods, it has several limitations that
must be considered in practical applications. The computational cost of the method increases

with the number of interpolation points, as more basis polynomials need to be evaluated [16].

For n interpolation points, the full interpolation polynomial P(x) contains n Lagrange basis
polynomials. Each basis polynomial contains approximately n — 1 factors. When the formula
is evaluated directly, this gives 2n(n — 1) subtractions, n(n — 1) divisions, and n(n — 1) + n
multiplications, which are all O(n?). The final addition of the terms requires O(n) additions,

but the overall cost is determined by the O(n?) operations.

11



This is important in secure computation, where division is significantly slower than multiplication,
and multiplication is significantly slower than addition or subtraction [17]. As a result, using

more interpolation points can improve accuracy, but it also increases the runtime cost.

Furthermore, when one or more new known points are added, the basic Lagrange polynomial has
to be constructed again from the beginning, since the previously constructed basis polynomials

cannot be directly reused [16].

Additionally, Runge’s phenomenon, discovered by Carl David Tolmé Runge [18], shows that
high-degree polynomials exhibit large oscillations at the edges of the interpolation interval,
even for smooth functions. This shows that higher degrees don’t always improve accuracy.
In practical use, this limitation can be reduced by keeping the target interpolation time close
to the centre of the selected interpolation interval and by avoiding unnecessarily high-degree
polynomials. In this thesis, these limitations are acceptable because interpolation is applied only
over short intervals with a small number of points, making Lagrange interpolation sufficiently

accurate and simple.
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4. Secure Computation

Collision probability assessment requires accurate trajectory estimation, which was addressed in
Chapter 3 using interpolation techniques. In practice, the data used for conjunction analysis can
be sensitive for operational, security, or commercial reasons [4]. Secure computation offers a
solution for collaborative collision analysis without revealing private inputs. Rivas describes it
as a group of cryptographic methods that allow computations to be carried out on private data
while limiting what is revealed during the process [19]. Depending on the method, the goal
may be to protect the input data, intermediate values, or both, while still producing the required
output. In the context of this thesis, secure computation techniques can be used to compute

collision-related results without revealing the full trajectories of the involved satellite operators.

Secure computation can be implemented using different cryptographic approaches, such as
homomorphic encryption, garbled circuits, and secret sharing [20]. In this thesis, the focus is on

secure multi-party computation based on linear secret sharing.

4.1 Threat model

This section follows Pullonen-Raudvere’s description of the threat model [21].

Secure computation protocols are specified under a threat model. This model sets the rules
for what kind of attacker the system is expected to protect against and what the protocol must
guarantee. In cryptography, this attacker is usually called an adversary and in more familiar
terms, the adversary can be understood as a hacker or someone who has compromised part of
the system. The hacker may want to observe network traffic, learn the internal state of some
participants, or even take control of them; such participants are considered corrupted. If a
participant is corrupted, the adversary can see everything that participant sees during the protocol

and can potentially influence its actions.

Defining the threat model is important because secure computation does not protect against every
possible attack. Instead, it provides security only under the assumptions defined by the threat
model. For example, if one participant is compromised, the attacker may learn that organisation’s
local data, but the private inputs should still remain protected as long as the protocol’s corruption
assumptions are not violated. However, if the attacker can compromise enough participants, or
if the attacker can break the secure communication channels between them, then the security

guarantees may no longer hold. Therefore, the threat model makes clear which attacks are
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handled by the protocol and which attacks are outside its scope. The main goal is to ensure that

private inputs remain protected and that the computation reveals only what is intended.

4.1.1 Passive and Active Adversaries

Adversary behaviour is commonly categorised as passive or active. A passive (also called
semi-honest or honest-but-curious) adversary follows the protocol specification but tries to learn
extra information from the messages they see [21]. A protocol is said to provide passive security
if, despite such corruption, the adversary learns nothing beyond what is implied by the prescribed
output [19]. An active (malicious) adversary may deviate arbitrarily from the protocol in order
to violate privacy or correctness, for example by sending malformed or inconsistent messages.
An actively secure protocol aims to protect both privacy and correctness despite such behaviour,

usually by adding verification steps that detect or prevent cheating [21].

4.1.2 Collusion and Corruption Thresholds

In secure multi-party computation, collusion and corruption thresholds are used to describe
how much adversarial control a protocol can tolerate [21]. Many secure computation designs
therefore state security in terms of a corruption threshold: security holds as long as the number
of colluding (corrupted) parties stays below a specified limit, while exceeding that limit can
enable reconstruction of secrets or manipulation of results. In practice, some systems assume
non-collusion between specific servers operated by independent entities. Under this assumption,
compromising one server is not enough, but if the servers do collude, the effective adversary

gains more power and the security guarantees may no longer apply [19].

4.2 Secure Multi-Party Computation

Secure multi-party computation (MPC) is a subfield of cryptography and one of the main
techniques used for secure computation [21]. It enables multiple parties to jointly compute a
function over their private inputs without revealing those inputs to one another. Each participant
learns only the final output of the computation, ensuring that sensitive data remains confidential
throughout the process. This capability makes MPC particularly valuable in domains requiring
collaboration between mutually distrusting but cooperating organisations, such as satellite

operators assessing collision risks in space [5, 19].

The concept of MPC was introduced by Andrew Yao through the “Millionaires’ Problem”,
which demonstrated how two parties could compare their wealth without disclosing their actual

values [22]. Although the theoretical framework was established early, practical implementation

14



remained elusive for decades due to high computational overhead and complexity. The Danish

sugar beet auction in 2008 is the first example of applying MPC to real-world systems [23].

The MPC approach used in this thesis is based on linear secret sharing schemes, because it
offers a balanced trade-off between computational efficiency and security guarantees suitable

for practical MPC applications [20].

4.3 Secret Sharing

Secret sharing [20] is a scheme which allows a party to share a confidential value = into n shares
x1,...,T, and distribute them between P, ..., P,. Each individual share reveals no information
about = and only an authorised group of parties can reconstruct the original secret by combining

their shares, any smaller or unauthorised subset learn nothing about = [24].

In a classical (¢, n) threshold scheme, the secret is split into 7 shares such that any ¢ shares are
sufficient to reconstruct it, while any set of fewer than ¢ shares provides no information about
the secret [25]. This defines a security model in which the threshold ¢ specifies the minimum
number of parties needed to reconstruct the secret, ensuring resilience against collusion among

up to ¢t — 1 parties.

Secret sharing schemes come in various forms ranging in classical threshold constructions, such
as Shamir’s polynomial-based scheme [26] to simpler linear schemes. The next section focuses

on additive secret sharing, a common building block in practical MPC protocols [20, 27].

4.3.1 Additive Secret Sharing

The additive secret sharing construction in this subsection follows the presentations of secret

sharing-based secure computation in [21, 24].

Additive secret sharing is a secret sharing scheme in which a secret value x in a finite ring R is

divided into n shares z1, ..., z, € R such that
r1+2To+ ... +x, =

We denote the set of shares of = as [z] = {zi,...,z,}. The first n — 1 shares are chosen
uniformly at random from R, and the final share is computed as x,, = # — >7"' ;. This
construction defines an (n, n) threshold scheme: all n shares are required to reconstruct the

secret, while any set of n — 1 shares reveals no information about x.

Additive sharing allows addition and subtraction to be performed efficiently, as these operations

can be computed locally on the shares. However, more complex operations generally require
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communication between the parties. Given [z] = {z1,...,z,} and [y] = {y1,...,yn}, the

sharing of x + y can be computed locally as

l[e+yl ={z1+v1,. ..., 20+ Un}

Similarly, multiplication by a public constant ¢ can be computed locally as
c-z] ={c-x1,...,c-z,}.

However, multiplication of two private shared values requires a secure protocol. As a result,
MPC performance is often dominated by the number of interaction rounds and network latency

rather than local arithmetic cost [17].

4.3.2 Example of Secure Addition

The secure multi-party computation process can be illustrated using a scenario with two data
owners, denoted as input parties A and B, three computing parties acting as servers, and an
analyst interested in learning the sum of the data owners’ values. The following steps show how
the two inputs are split into additive shares, processed by the computing parties, and reconstructed

by the analyst over the finite ring Zqo [27]:

Step 1: Input party A has input x = 25. They sample two random numbers, say z; = 57 and
x9 = 13, and compute the third share as x5 = 25 — 57 — 13 = 55 mod 100.

Step 2: Input party B has an input of y = 33. They sample two random numbers, say y; = 44
and y, = 30, and compute the third share as y; = 33 — 44 — 30 = 59 mod 100.

Step 3: Shares are distributed to computing servers, so that server ¢ gets x; and y;.

Step 4: Each server locally sums their shares from A and B. For example, Server 1 calculates

z1:=x1 +1y; =57+ 44 = 1 mod 100.
Step 5: The servers send their partial results z; to an analyst.

Step 6: The analyst sums the partial results (1 + 43 + 14 = 58 mod 100) to reveal the true sum
(25 + 33 = 58). No party learns the other party’s input or the intermediate shares.

The same steps are visualised in Figure 4 to make the flow of shares between the input parties,

the computing parties, and the analyst easier to follow.
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Figure 4. Additive secret sharing allows a sum to be computed without revealing private inputs,

adapted from [28]

This example demonstrates that operations can be performed on data without revealing the
original values. Sharemind MPC builds on this principle to provide fast and secure computation

over protected data [27].

4.4 Sharemind MPC

The description of the Sharemind MPC platform in this section follows the official Sharemind
documentation [27, 29]. Sharemind MPC is a framework for building privacy-preserving
applications using a three-party additive secret sharing scheme. The architecture defines three
roles: input parties that provide the data, output parties that receive the result, and computing
parties that perform the calculations. The data is stored as shares across three non-colluding
servers, each hosted by one of the computing parties, which jointly compute on the data without

ever reconstructing it during computation [20].

4.4.1 Practical Applications

Sharemind MPC has been deployed in real-world privacy-preserving analysis systems. For
example, Estonian government agencies have used Sharemind MPC to run a registered study on
linked education and tax data [30]. Similarly, MPC has been applied to support collaborative data
analysis between multiple institutions, allowing them to jointly compute statistical summaries
and models on confidential datasets, while preserving privacy and ensuring compliance with data
protection [31, 32]. These examples demonstrate the versatility and reliability of the framework

in handling sensitive data in critical sectors.
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4.4.2 SecreC Programming Language

Privacy-preserving applications using Sharemind MPC are programmed with the SecreC domain-
specific language that partitions data into private and public domains [29]. SecreC’s C-like syntax
makes it familiar to programmers, and it supports common control flow constructs (conditional
statements, loops, functions). Each data type has a security domain assigned to it in addition to
its value, for example, private int or public bool [17]. This requires the programmer to
clearly distinguish which values can be public and which must remain encrypted for processing.
The type system ensures that only secure protocols are used to compute on private values and
private information cannot unintentionally leak into public variables. In addition to elementary
arithmetic and logical operations, there are libraries for processing vectors, arrays, and matrices

in the private domain [29].

Sharemind MPC supports several MPC schemes, called protection domains. The most advanced
of these is shared3p, which corresponds to the sharing of secret thresholds (3,3) under
the passive corruption model [27]. Since secure computation protocols require network
communication, performance is often critical and, as a result, runtime is strongly affected by
network latency. Even simple arithmetic operations can become costly when they trigger many
communication rounds. To mitigate this performance bottleneck, optimisations are essential.
One example is SIMD (Single Instruction Multiple Data) parallelism, which allows multiple data
elements to be processed simultaneously within a single computation step, thus SIMD reduces

the number of rounds [33].

4.5 ShareSat

This subsection describes ShareSat and its privacy-preserving conjunction analysis workflow,

based primarily on internal project documentation [4, 5] and the ShareSat conference paper [28].

ShareSat is a project developed by Cybernetica in collaboration with the European Space Agency
(ESA) as part of the General Support Technology Programme [34]. The project’s goal is to
enhance space safety using secure computation technique MPC (see Section 4.2) to calculate the
collision risk between spacecraft. This is needed because reliable conjunction analysis requires
precise orbital data, but such data can be commercially or security sensitive. ShareSat uses
the Sharemind MPC framework to enable confidential collaboration between different satellite

owners and operators (O/O) without disclosing any private orbital data to one another.
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4.5.1 Privacy-Preserving Conjunction Analysis

The main idea behind ShareSat is to change the trust model of conjunction analysis. In
conventional workflows, sensitive data is often shared with a single party that must be trusted to
perform analysis. ShareSat instead allows the analysis to be computed jointly, so that only the
agreed outputs are revealed and the raw inputs remain private. In this way, satellite O/O can

collaborate on collision assessment without giving up control over confidential mission data.

ShareSat is designed to enable joint collision probability assessment based on private orbital
data provided by multiple input parties. The system is structured around three roles: input
parties, computing parties, and output parties. Input parties provide the confidential orbital data,
computing parties perform the secure computation without accessing the raw inputs, and output

parties receive the final assessment result.

In ShareSat, only the minimal information necessary to avoid a collision is revealed by the
analysis output. In practice, the private inputs include detailed orbital states, while the outputs are
limited to the identifiers of the involved objects together with the computed collision probability
and the estimated TCA. This allows O/O to assess potentially dangerous conjunctions and

coordinate further action without disclosing the underlying confidential data.
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5. Implementation

This chapter documents the implementation work carried out in this thesis in the ShareSat
codebase to replace the existing linear interpolation component with a Lagrange interpolation

approach in SecreC (see Section 4.4.2).

After reviewing the interpolation methods in Chapter 3, the goal was to enable polynomial
interpolation with configurable polynomial degree in the secure computation pipeline, without

breaking the existing conjunction assessment flow.

5.1 Iterative development of the Lagrange Interpolator

The implementation work began by studying the mathematical and technical aspects of the
problem. This included studying interpolation theory, learning the SecreC programming
language, and exploring the ShareSat repository to understand how the secure computation
pipeline is organised. Particular attention was paid to the data flow through the conjunction-
assessment process: how trajectory samples are prepared, how the TCA is determined, and

where interpolation is applied to estimate satellite states between sampled trajectory points.

5.1.1 Two-Point Prototype

To keep the first change small and easy to validate, the work started with a minimal two-point
version of the Lagrange implementation method. This version used one trajectory sample before
and one trajectory sample after the target point. Implementing the simplest case first made it
easier to verify correctness, debug the SecreC code, and confirm that the interpolation function

could be integrated into the MPC pipeline successfully.

In the following pseudocode, target, denotes the target time at which the interpolated satellite
state is evaluated. The values g, 71, ... represent known time points from the trajectory data,
and the corresponding vectors 7y, 71, ... € R symbolise the associated satellite states, consisting
of position and velocity components in three spacial dimensions. The interpolation result is

denoted by L, which represents the interpolated 6-dimensional state vector at target,.
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The pseudocode for the two-point case is given in Algorithm 1.

Algorithm 1 Lagrange Interpolation Two-Point Case

Require: target x, xo, x1, Yo, Y1, Where target_x € R is the target time; xg, x; € R are time
points; 7o, 71 € R® are 6-dimensional state vectors (position and velocity)
Ensure: interpolated state vector [jx € RS at target,
1: Iy « (target x — xq)/(xo — x1)
2: Iy + (target_x — x¢)/(x1 — x0)
3: [;<_l0‘y_(3+ll‘y_i

4: return L::

This initial two-point implementation served mainly as a correctness check and as a way to
validate the SecreC implementation within the existing pipeline. Since the two-point Lagrange
form is mathematically equivalent to linear interpolation, it was not expected to provide a

qualitative improvement over the previously used linear method.

5.1.2 Extension to Three- and Four-Point Cases

The TCA-based point-selection logic (see Appendix A in Listing A.1) was modified so that the
interpolation step could use more trajectory samples instead of the original two points. Once this
wider selection was available, the Lagrange implementation was extended first to a three-point

version and then to a four-point version.

The pseudocode for the three-point case is given in Algorithm 2.

Algorithm 2 Lagrange Interpolation Three-Point Case

Require: target x, xg, x1, T2, Yo, Y1, Y2, Where target_x € R is the target time; xg, 1, 2 € R
are time points; iy, 71, 7j» € R® are 6-dimensional state vectors (position and velocity)
Ensure: interpolated state vector L, € R at target,
1: Iy + (target_x — 1) - (target_x — x3)/((xg — 1) - (Tg — x2))
2: Iy + (target_x — ) - (target_x — x3)/((x1 — o) - (x1 — x2))
3: Iy < (target x — xy) - (target_x — x1)/((xe — o) - (x2 — 1))
4 Ly lo-Go+li-gi+ 1o

5: return L;
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The pseudocode for the four-point case is given in Algorithm 3.

Algorithm 3 Lagrange Interpolation Four-Point Case

Require: target x, xg, x1, T2, T3, Yo, Y1, Y2, Y3, Where target _x € R is the target time; x, 1,
T9, T3 € R are time points; 7y, 71, 2, i3 € R are 6-dimensional state vectors (position and
velocity)

Ensure: interpolated state vector EI € RS at target,

1: Iy + (target_x—mxq)- (target_x —x
2: |y + (target x—x

target x —x9)- (target T —1x3

~— ~— ~— “—

( )+ ( .
3: Iy < (target_x —xq)- (target_x—x1) - (target_x —x3
( )-( .

4: I3 < (target_x —uxg) - (target_x —x,
S Ly lo-Go+1li-gi+l s+l

6: return L;

These fixed-size implementations showed that Lagrange interpolation could be extended beyond
the original two-point case. However, writing a separate version for each point count is not

practical, which motivated the generalised n-point implementation.

5.1.3 Generalised n-Point Implementation

After the fixed-size versions had been implemented and verified as working, the Lagrange
interpolation implementation was generalised with the pseudocode given in Algorithm 4 and the
corresponding SecreC implementation is included in the Appendix A in Listing A.2. The fixed
polynomial expressions were replaced with a loop-based formulation, where the interpolation

terms are generated according to the selected number of input points.
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Algorithm 4 Lagrange Interpolation Generalised Case

Require: target x, T, Y, where target_z € R is the target time; ¥ € R""! is the 1D array of
time points; Y € R""! x R is the 2D matrix of state vectors (position and velocity), where
row i is 4; € RY, n is the number of known points

Ensure: interpolated state vector L, € RS at target,

1: n < size(x)

2: fori <~ 0Oton —1do

3: dt[i] < target x — z|i]
4: end for

5: L, <0 > 6-dimensional zero vector

6: for: < 0Oton —1do

7: l; <1
8: for j < Oton —1do
9: if j # i then
dt|j
10: ll — ll : ¢
ai] — x[j]
11: end if
12: end for

13: Lo« L.+1-
14: end for

15: return L;

This makes the approach configurable and allows the same implementation to be evaluated
with different numbers of points, depending on the desired trade-off between accuracy and

performance. In Chapter 6, these trade-offs are measured and analysed.
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5.2 Verification and Benchmarking Setup

The purpose of benchmarking and testing is to evaluate the correctness and computational
performance of the implemented Lagrange interpolation method. In this thesis, verification
is used to confirm that the implementation produces correct interpolated state vectors, while

benchmarking is used to assess the method’s efficiency across different input conditions.
The testing strategy is divided into two distinct phases:

1. Correctness Testing: Validating the interpolation logic against expected output data to

ensure accuracy.

2. Performance Benchmarking: Measuring the execution time of the Lagrange

interpolation section under specific MPC configurations.

5.2.1 Correctness Testing

To verify correctness, an existing trajectory point is removed, interpolated from its surrounding
points, and then compared with its original value. The correctness evaluation was carried out

using the following setup:

» Data Source: Real satellite orbit data in OEM format (provided by ESA), which contained
four trajectories sampled at one-minute intervals. Two trajectories contained 60 points

each, while the other two contained 663 points each.

* Method: Local windows of 3, 5, and 7 trajectory points were selected. In each window,
the middle point was removed and treated as a reference value. The remaining 2, 4 and 6

points were then used as input for the three interpolation configurations.

* Execution: The surrounding points were used as interpolation inputs and processed by the
Sharemind MPC application. The Lagrange polynomial was evaluated on secret-shared

data to reconstruct the missing state vector at the masked timestamp.

* Metric: The reconstructed state vector was compared with the original reference value.
Position and velocity errors were evaluated separately and summarised using the mean,
95th percentile, and 99th percentile. Position error was evaluated in metres and compared
against the target accuracy of 1 m. Velocity error was evaluated in millimetres per
second and compared against the target accuracy of =1 mm/s. This requirement was

based on the operationally used error margins in ESA [35].
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This approach ensures that the SecreC implementation preserves numerical accuracy and does
not introduce significant errors.
5.2.2 Chunk-Based Benchmarking Procedure

A chunk-based benchmarking routine was used to turn a small number of input trajectories into
a large number of tests. The benchmark uses four trajectories and processes each of them in
overlapping chunks. For an interpolation configuration using n points, a trajectory of length
total_len is divided into total len —n — 1 valid chunks. Each chunk forms one interpolation

test case.
The corresponding SecreC implementation is provided in Appendix A in Listing A.3.

5.2.3 Performance Benchmarking

Benchmarking evaluated the computational overhead of performing interpolation securely. The

benchmarking setup was defined as follows:

* Environment: 3 Sharemind MPC Servers (2x Intel Xeon E5-2640, 128 GB RAM, 10
Gb/s network).

* Procedure: Each benchmark test was repeated 3 times to account for system variance.

* Metric: Performance was measured as the execution time per-chunk. The results were

reported using the mean, 95th percentile, and 99th percentile.

The setup made it possible to evaluate how its execution time changes with the number
of interpolation points. The measured results are used in Chapter 6 to compare how the

computational cost changes when the interpolation window is increased.
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6. Results

This chapter presents the results of the verification and benchmarking experiments for the
implemented Lagrange interpolation method. The experimental setup, validation method,
benchmark procedure, and target accuracy were described in Section 5.2. Here, the focus
is on the obtained correctness and performance results for the tested 2-point, 4-point, and 6-point

interpolation windows.

6.1 Accuracy Results

Accuracy is reported in terms of mean error and 95th and 99th percentile errors. The mean error
indicates the typical interpolation accuracy across all evaluated samples. The 95th and 99th
percentile errors show how large the errors become in the worst-performing portion of the data,
without basing the analysis on a single extreme maximum value. This is important because
the interpolation method must remain reliable for almost all samples, not only perform well on
average. The ideal target accuracy was £1 m for position and -1 mm/s for velocity [35]. The
results are summarised in Table 1 and Table 2. In both tables, the configuration that satisfies the

required accuracy is highlighted in bold.

Table 1. Position error by interpolation point count

Configuration Mean (m) Top 95% (m) Top 99% (m)
2 15208.06 15609.99 15727.88
4 22.45 23.69 24.43
6 0.030 0.041 0.049

Table 2. Velocity error by interpolation point count

Configuration Mean (mm/s) Top 95% (mm/s) Top 99% (mm/s)
2 16874.48 17630.79 17894.27
4 2491 26.51 28.30
6 0.192 0.474 0.774

The results show a clear and consistent improvement as the number of interpolation points
increases. The 2-point case produces errors of the order of tens of kilometres for position and
tens of metres per second for velocity, which is consistent with the expectation stated in Chapter 3

that two surrounding points cannot capture the curvature of the satellite orbit sufficiently.
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Moving to 4 points reduces the mean position error from 15208.06 m to 22.45 m and the mean
velocity error from 16874.48 mm/s to 24.91 mm/s. This is an improvement of roughly three
orders of magnitude compared with the 2-point case. However, the 4-point configuration still
does not meet the target accuracy. Its 95th- and 99th-percentile errors also remain above the
required limits, which shows that the remaining error is not caused only by a few extreme

samples. Instead, the configuration is still consistently outside the required accuracy range.

The 6-point configuration reduces the mean position error to 0.030 m and the mean velocity error
to 0.192 mm/s. The 95th- and 99th-percentile position errors are 0.041 m and 0.049 m, while the
corresponding velocity errors are 0.474 mm/s and 0.774 mm/s. Since even the 99th-percentile
errors are below the required limits, at least 99% of the evaluated samples satisfy the target

accuracy for both position and velocity.

Figure 5 shows the same improvement trend on a logarithmic scale. This scale is used because
the errors decrease by several orders of magnitude from 2-point to 6-point interpolation. While
the tables show whether each configuration meets the absolute accuracy limits, the figure makes

the overall convergence behaviour easier to compare visually.

4 ——=—Accuracy requirement (1 m, 1 mm/s)

10 —&— Position error (m)

Velocity error (mm/s)

Mean absolute error

2-pt 4-pt 6-pt
Interpolation points

Figure 5. Only 6-point interpolation brings both mean position and velocity errors below the

required accuracy limit
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Overall, the accuracy results show that increasing the interpolation window substantially
improves the reconstructed state vectors. The 4-point configuration is a major improvement
over the 2-point configuration, but only the 6-point configuration reaches the required practical

accuracy level for both position and velocity.

6.2 Performance Results

Performance was evaluated by measuring the execution time of the Lagrange interpolation routine
in the Sharemind MPC cluster (see Section 5.2.3). As described in Section 5.2, performance is
reported as execution time per-chunk in Table 3. Each configuration was evaluated across all

valid chunks from all four trajectories.

Table 3. Per-chunk Lagrange Duration by interpolation Point Count

Polynomial degree Mean (ms) Top 95% (ms) Top 99% (ms)
2 1.667 1.676 1.679
4 6.792 6.821 6.829
6 15.551 15.625 15.642

The per-chunk execution time increases as the number of interpolation points increases. The
mean duration increases from about 1.67 ms for 2-point interpolation to 6.79 ms for 4-point
interpolation and 15.55 ms for 6-point interpolation. Compared with the 2-point configuration,
the 4-point configuration is approximately 4.1 times slower, while the 6-point configuration is

approximately 9.3 times slower.

This increase is expected because higher-point Lagrange interpolation requires evaluating more
basis terms and, therefore, performs more arithmetic operations for each chunk. The 95th- and
99th-percentile durations are very close to the mean values for all three configurations, which
shows that the runtime is stable across the evaluated chunks and is not strongly affected by

occasional outliers.

Figure 6 shows the measured mean durations per-chunk together with a quadratic fit. The
measured values closely follow the fitted curve, supporting the expectation that runtime increases

approximately quadratically with the number of interpolation points.

Considering both accuracy and performance, the 6-point configuration is the most suitable
option. It is the only configuration that reaches the practical target accuracy, although it is also

the most computationally expensive, with the highest average per-chunk runtime. The 4-point
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Figure 6. Per-chunk interpolation runtime increases approximately quadratically with the

number of points

configuration is faster, but its accuracy remains outside the desired target range. Therefore,
the 6-point configuration is the most suitable of the tested options when accuracy is prioritised,

while future optimisation is needed to reduce its runtime cost.

6.3 Future Work

The results show that the 6-point configuration provides the best accuracy, but it also has the
highest runtime cost. Future work should therefore focus on optimising the implementation

while not deteriorating the interpolation accuracy.

6.3.1 SIMD Optimisation

One possible optimisation direction is utilising SIMD algorithms (Single Instruction, Multiple
Data) [33]. SIMD allows the same operation to be applied to several data values in parallel. This
is relevant because Lagrange interpolation repeatedly performs similar arithmetic operations,
such as products and sums, over multiple interpolation points and coordinate values. Instead
of executing many small secret-shared operations consecutively, identical operations could be
grouped and processed together where the algorithm allows it. This reduces loop overhead and
improves performance, especially for the 6-point configuration where the number of operations

is highest.

To put the runtime into context, the complete ShareSat conjunction-processing workflow takes

about 7 minutes per conjunction [35]. If the overlapping part of two trajectories contains X
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trajectory points, then the workflow first performs X interpolations to align one trajectory with
the time points of the other. After this, one point is selected as the centre of the TCA search
window. The final refinement step then evaluates 100 subdivisions for both trajectories, which
adds 2 x 100 = 200 interpolation calls. Therefore, the total number of interpolation calls is

approximately X + 200.

Combined with the operation counts from Section 3.2, this gives a large number of MPC
operations for the 6-point configuration. Each interpolation call requires approximately 6
divisions and 36 multiplications. For example, if the overlapping part contains 663 trajectory
points, then the workflow requires approximately (663 + 200) x 6 = 5178 divisions and
(663 + 200) x 36 = 31068 multiplications. Since multiplication and division are expensive
under MPC, this makes SIMD a relevant optimisation direction. Independent interpolation
operations could be grouped and evaluated in parallel, reducing the cost of repeated arithmetic

operations without changing the interpolation method itself.

6.3.2 Further Accuracy Evaluation

Future work could also investigate whether increasing the interpolation window beyond 6 points
provides additional accuracy improvements, especially for velocity. However, this should be
carefully evaluated because adding more points also increases computational cost and does not

always guarantee better interpolation accuracy.

The accuracy evaluation should also be repeated on a wider range of orbit types and trajectory
conditions. For example, future benchmarks could compare low Earth orbit and geostationary
Earth orbit objects, elliptic and hyperbolic trajectories, fast and slow objects, and trajectories
with stable or changing acceleration. This would indicate whether the 6-point configuration
remains reliable across different orbital regimes, rather than only for the trajectories used in the

current benchmark.

Another direction is to compare Lagrange interpolation with alternative interpolation methods.
Spline-based interpolation or other polynomial interpolation approaches could be evaluated to
determine whether they provide a better balance between accuracy, numerical stability, and

performance in the MPC setting.

The scope of this evaluation is limited to the accuracy and runtime of the interpolation step. The

effect of the interpolation error on the final collision probability estimate is left for future work.
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7. Conclusion

This thesis implemented and analysed Lagrange interpolation in the ShareSat system for satellite
state estimation under secure multi-party computation. Since satellite data is available only at
discrete time steps, interpolation is needed to estimate positions and velocities between known

points, particularly when determining the Time of Closest Approach in conjunction analysis.

The main contribution of the thesis was the implementation and evaluation of Lagrange
interpolation in SecreC. The work started with fixed-size interpolation versions and later
generalised to a n-point implementation. This allowed the same method to be tested with
different interpolation window sizes, such as two, four, and six points. A benchmarking setup
was also developed to evaluate both correctness and performance by applying interpolation to

trajectory chunks.

The results show that Lagrange interpolation can significantly improve trajectory estimation
accuracy when more interpolation points are used. The 2-point configuration did not provide
sufficient accuracy, and the 4-point configuration improved the results but still did not meet the
required limits. The 6-point Lagrange configuration was the only tested option that satisfied
the target accuracy for both position and velocity, including the mean, 95th-percentile, and

99th-percentile errors.

Performance results showed that accuracy improvement comes with increased runtime. Although
the 6-point configuration was the slowest, its execution time remained consistent across trajectory
chunks and followed a quadratic growth trend. Overall, the results indicate that the 6-point

Lagrange interpolation is the most suitable tested configuration when accuracy is prioritised.

Overall, the thesis shows that Lagrange interpolation can be integrated into the ShareSat workflow
based on multi-party computation to support accurate trajectory estimation without revealing
raw orbital data. The main limitation is that the evaluation was limited to the tested trajectories
and interpolation configurations. The thesis also focused on interpolation accuracy and runtime,
rather than evaluating the full effect on final collision probability estimates. Future work could
evaluate more orbital scenarios, compare other interpolation methods, and further optimise the

6-point implementation.
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A. Appendix
A.1 TCA point selection in SecreC

Listing A.1 shows the modified TCA-based point selection logic used to choose the surrounding
trajectory points for interpolation. This listing is included because the point-selection step

determines which samples are passed to the Lagrange interpolation function.

void test_lagrangeIlnterp() {
// Read OEM data

trajectory<pd_shared3p, float64> traj = getTraj();

// Read CDM data for interpolation point and ezpected wvalue
// at interpolation point
pd_shared3p float64[[1]] true_p(3), true_v(3);
pd_shared3p uint64 true_tca = argument("tca");
true_p[0] = argument ("tx1");
true_p[1] = argument("tyil");
true_p[2] = argument("tzl");
true_v[0] = argument ("tdx1");
true_v[1] = argument ("tdyl");

true_v[2] = argument ("tdzl");

// Finds previous and next measurement points in the trajectory
pd_shared3p uint[[1]] idxs =

find_nearest_indices(traj.t, true_tca);
pd_shared3p uint64 t_prev = vectorLookup(traj.t, idxs[0]);

pd_shared3p uint64 t_next = vectorLookup(traj.t, idxs[1]);

// Determine time points two steps before and after
// the current nearest indices

pd_shared3p uint64 x = 1;

pd_shared3p uint64 t_prev_x2 = t_prev -x;

pd_shared3p uint64 t_next_x2 = t_next +x;

// Finds the point before previous and after next measurement

// points in the trajectory

pd_shared3p uint[[1]] idxs_prev =
find_nearest_indices(traj.t, t_prev_x2);

pd_shared3p uint[[1]] idxs_next =

find_nearest_indices(traj.t, t_next_x2);
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t_prev_x2 = vectorLookup(traj.t, idxs_prev[0]);

t_next_x2 = vectorLookup(traj.t, idxs_next[1]);

pd_shared3p uint64 0 = t_prev_x2;
pd_shared3p float64[[1]] X = {
(float64) (t_prev_x2-0),
(float64) (t_prev-0),
(float64) (t_next-0),
(float64) (t_next_x2-0)1};
pd_shared3p float64 target_x = (float64) (true_tca- 0);

pd_shared3p float64[[2]] Y(4,6);

Y[0,:3] = matrixLookupRow(traj.p, idxs_prev[0]);
Y[1,:3] = matrixLookupRow(traj.p, idxs[0]);
Y[2,:3] = matrixLookupRow(traj.p, idxs[1]);

Y[3,:3] = matrixLookupRow(traj.p, idxs_next[1]);

Y[0,3:] = matrixLookupRow(traj.v, idxs_prev[0]);
Y[1,3:] = matrixLookupRow(traj.v, idxs[0]);
Y[2,3:] = matrixLookupRow(traj.v, idxs[1]);
Y[3,3:] = matrixLookupRow(traj.v, idxs_next[1]);

pd_shared3p float64[[1]] PV_lagrange =
interpolate_lagrange (target_x, X[:4], Y[:4, :1);

check(PV_lagrange[:3], PV_lagrange[3:], true_p, true_v);
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A.2 Lagrange Interpolation in SecreC

Listing A.2 shows the generalised SecreC implementation of the Lagrange interpolation routine.
This listing is included to document how the two-, three-, and four-point prototypes were replaced
with a configurable n-point implementation.

template <domain D : shared3p, type T>

D T[[1]] interpolate_lagrange (
D float64 target_x, D T [[1]] x, D T[[2]] y

) {
uint32 section = newSectionType("Lagrange");
uint32 id = startSection(section, n);
uint64 n = size(x);

// Compute the differences between “target_t ~ and each z[i]
// These differences are used to evaluate

// the Lagrange bastis polynomials.

D T[[1]] dt(n);

dt

(T) target_x;
dt = dt - x; // pointwise subtraction

dt[n] = target_x - x[n]

D T[[1]] Lx(6);
D TL[11]1 1(n) = 1;
// Compute Lagrange basis polynomials
for (uint64 i = 0; i < nj; i++) {
for (uint64 j = 0; j < mn; j++){
if (j = 1) {
10i] *= dt[j] / (x[i]l - =x[j1);

}
// Interpolation of the 6D State Vector
// The interpolated state wvector Lz"~ s computed
as a weighted sum of all the 6D vectors
Lx += 1[i] * y[i,:];
}
endSection(id);

return Lx;
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A.3 Chunk-Based Benchmark in SecreC

Listing A.3 shows the chunk-based benchmarking routine used during correctness and
performance testing. This listing is included because it explains how the input trajectories

were divided into repeated interpolation test cases.

void test_lagrangeInterp_chunks (

trajectory<pd_shared3p, float64> traj, uint64 n

) A{
uint total_len = size(traj.t);
uint num_chunks = total_len - n - 1;
uint n_r = n/2; // n =5 -> ddz = 2

// temporary arrays for interpolation

pd_shared3p float64[[1]] X_chunk(n); // n time points
pd_shared3p float64[[2]] Y_chunk(n, 6); // n point wectors
pd_shared3p float64[[2]] X_1_out(num_chunks, n-1); // n-1 time points

pd_shared3p float64[[3]] Y_1_out(num_chunks, n-1, 6); // n-1 vectors
pd_shared3p float64[[2]] remove_P(num_chunks, 3); // removed position
pd_shared3p float64[[2]] remove_V(num_chunks, 3); // removed wvelocity

pd_shared3p float64[[1]] target_x(num_chunks); // time to interpolate
pd_shared3p float64[[2]] PV_lagrange (num_chunks, 6); // result
pd_shared3p float64[[1]] O(num_chunks); // origin time for chunk

// Split trajectory into n-point chunks
for (uint i = 0; i < num_chunks; i++) {
uint start_idx = i *x 1;

uint end_idx = start_idx + n;
X_chunk[:] = (float64) traj.t[start_idx : start_idx+n];
Y_chunk[:, :3] = traj.plstart_idx : end_idx, :];

Y_chunk[:, 3:] = traj.v[start_idx : end_idx, :];

// save the middle point for wvalidation

remove_P[i, :] = Y_chunk[n_r, :3]; // position (z, y, 2z)
remove _V[i, :] = Y_chunk[n_r, 3:]; // wvelocity (dz, dy, dz)
target_x[i] = X_chunk[n_r]; // time of removed point

// create n-1 -point subset
uint subset_idx = 0;

for (uint k = 0; k < n; k++) {
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if (k == n_r) continue; // Skip the middle point

X_1 out[i, subset_idx] = X_chunk[k];
Y 1 _out[i, subset_idx, :] = Y_chunk([k, :];

subset_idx++;

uint32 section = newSectionType("Full-Lagrange");
uint32 id = startSection(section, num_chunks);
for (uint i = 0; i < num_chunks; i++) {
PV_lagrange[i, :] = interpolate_lagrange(
target_x[i], X_1_out([i, :]1, Y_1_outl[i, :, :]
)
}

endSection(id);

for (uint i = 0; i < num_chunks; i++) {
check(
PV_lagrange[i, :3], PV_lagrangel[i, 3:],

remove_P[i, :], remove VI[i, :]
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